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ABSTRACT 
Using Chu'sl exact expressions for the electromagnetic fields 
inside an uniform elliptical waveguide, radiation pattern formulae 
for all modes of the guide have been derived by the aperture field 
method. These being of general validity can be applied to wave-
guides of all eccentricities in the range 0 ~ e < I and complement 
those available in the existing literature for evaluating the radia-
tion patterns of the modes of the uniform rectangular and circular 
waveguides. Computed patterns for the eHll and oH11 modes using 
these formulae are found to agree favourably with experimental ones 
b • ed b •• 2. h E I o ta~n y Muller especlally for t e -p ane patterns. The dif-
ferences that exist are attributed to the inherent approximations 
of the aperture field method used in obtaining these formulae. 
Approximate formulae for calculating the radiation patterns of the 
dominant eHII mode using the variationally derived aperture fields 
of Kihara3 have also been obtained. These are much easier to use 
and comparison of the results of the two methods show virtually no 
difference over a wide range of waveguide eccentricity. It is also 
found that the pattern beamwidths for both modes of operation de-
crease monotonically with increase in frequency for all eccentricities 
and hence beamwidth/frequency ind~pendence is not achievable with a 
uniform elliptical waveguide. Another significant conclusion drawn 
from this investigation is the possibility of achieving a low side-
lobe E-plane pattern for the H mode of operation using a small 
o 11 
aspect ratio.(defined as the ratio, minor axis/major axis) wave-
guide. 
The propagation properties of electromagnetic waves in horns 
of elliptical cross-section were investigated first by the generalised 
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telegraphist's equations approach and then by an exact solution of 
Maxwell's equations inside the horn using the sphero-conal co-
ordinate system. The former approach which treats the waves inside 
the horn as due to a series of coupled uniform waveguide modes have 
proved to be inconclusive as far as the aims of the project are con-
cerned. This is due to the difficulty of obtaining an accurate set 
of boundary conditions at the waveguide-horn junction to be used for 
a specific solution of the telegraphist's equations. However 
certain formulae derived during this exercise could be useful for 
further investigations of the mode-conversion problem in non-uniform 
elliptical waveguides. From the exact solution of the horn eigen-
value problem it has been found that the attenuation and trans-
mission properties of the horn are qualitatively similar to those 
of the pyramidal and circular conical horns. The transverse field 
distributions are however expressed in terms of the complicated 
# 
Lame functions. Using the Schelkunoff field equivalence method 
radiation pattern formulae for the eHII and oH11 conical modes were 
derived and extensive computer programs were developed to compute 
these patterns. Except for horns of very small aspect ratios 
(around 0.2) these theoretical patterns were shown to be in very 
good agreement with the experimental ones obtained by Brown4 • In 
cases where they do not agree favourably a probable reason for the 
discrepancy is given. Certain important or unusual features of 
these experimental horns such as beamwidth!frequency independence 
and low side-lobe levels can also be derived from the theoretical 
model. The horn parameters affecting these properties have also 
been studied. Lastly a set of theoretical half-power beamwidth 
design curves for these horns is presented. 
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Unless otherwise stated locally, the principal symbols used in 
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INTRODUCTION 
The work reported in this thesis was performed under a research 
contract from the Ministry of TechnolOgy. Its primary objective is 
to provide a theoretical model for investigations into the radiation 
properties of electromagnetic horns of elliptical cross-section, thus 
supplementing some experimental results for these horns which were 
already obtained by the Radio Department of the Royal Aircraft 
Establishment at Farnborough (Brown4). 
Research on electromagnetic horn radiators dates back to the 
late nineteen thirties when Barrow and GreenS first reported some 
experiments made to determine the directive properties of waveguides 
and horns of rectangular cross-section. Since then the subject has 
continued to be of interest to researchers in the antenna field. That 
this is so is not too surprising for horn antennae are widely used in 
situations where a simple structure with modest gain is required, 
as gain standards and as feeds for illuminating reflectors and lenses. 
Thus improvements on the radiation characteristics of these devices 
are always being sought. Following Barrow and Green's pioneer work 
the radiation properties of sectoral and circular cross-sectional 
horns were investigated experimentally by Barrow and Lewis6 and 
Southworth and King7 respectively. These were latar further sup-
plemented by the work of Rhodes8 and King9 • 
The first theoretical analysis performed for a horn structure 
b 10 d' d • was presented y Barrow and Chu who er1ve an exact solutlon for 
the electromagnetic fields inside a sectoral horn using the cylin-
drical coordinate system. Radiation pattern calculations were made 
using the Kirchoff-Huygens theory of diffraction. On the basis of 
this analysis beamwidth and gain design curves for this type of 
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horn were subsequently publishedll • This was then followed by 
theoretical analyses of the circular and 
t 13 
. 1 12 p' f respect1. ve y by Bucholz and I.e "e • 
pyramidal horns performed 
With the horn aperture 
fields derived by Bucholz, radiation pattern formulae for the 
dominant Hil mode of the circular horn were obtained by Schorr 
and Beck14 using the Schelkunoff field equivalence method. These 
theoretical analyses of wave propagation in horns were based on 
the fact that the surfaces of the horns considered coincide exactly 
(or approximately for the pyramidal horn) with a surface of an 
orthogonal curvilinear coordinate system in each case. Maxwell's 
equations together with appropriate boundary conditions which sub-
sequently lead to the scalar wave equation can then be solved by 
the separation of variables technique. Fer horns of arbitrary 
cross-sectional shape which cannot be treated in this way, an 
• h . S 15 • f h 1 d approx1.mate t eory was derl.ved by tevenson 1.n terms ate coup e 
modes of a uniform waveguide whose cross-sectional shape is the same 
as that of the horn. However only horns of small flare angles with 
no slope discontinuity in its longitudinal profile can be treated 
by this analysis. In this connection one must mention the large 
amount of literature on non-uniform or tapered waveguides based on 
the generalised telegraphist's equations approach which is directly 
applicable to the approximate analysis of small flare angle horns as 
well as having the same limitations as Stevenson's theory. 
After these fundamental investigations into these basic horn 
structures t research WaS. directed towards the improvement of their 
radiation characteristics. A major part of these efforts WQS 
spent on the reduction of side-lobe radiation from the horns and 
to introduce a degree of beam shaping such as equalisation of beam-
width in the principal planes. Thus for example,side-lobe 
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reduction have been accomplished by using a matched dielectric lens 
at the horn aperture16 , by dielectric loadingl ?, aperture l ett" 18 sp 1 1ng 
19 and the fitting of side-lobe suppressor plates • Beamwidth equali-
sation accompanied by side-lobe reduction have been achieved by dual 
. 20 21 
mode operat1on ' and by the use of corrugations inside the 
h 22,23 orn • These last few examples have been the subject of 
numerous publications in recent years. 
On the theoretical front a comparatively new method of investi-
gating the radiation properties of horn antennae has been successful-
24 25 26 ly applied to the sectoral ' and circular horns • This method 
is based on the geometric diffraction theory of Keller27 (ray 
optical approach) and theoretical patterns obtained in this way have 
shown a better agreement with experiment especially away from the 
main beam. In addition it also makes possible the theoretical 
calculation of the backward radiation pattern for which the aperture 
field method is not applicable. As regards the propagation prob-
lem, a simplified theory of modes in a circular conical horn (with 
or without corrugations) has been derived28 and shown to be of 
validity over a fairly large range of horn flare angles despite 
the rather liberal use of approximations. 
This work on the elliptical horn antenna can be said to belong 
to the category of a fundamental research on a basic horn structure. 
However the experimental programme (carried out at R.A.E., 
Farnborough) was conducted with the aim of obtaining a horn with 
a frequency independent beamwidth characteristic and low side-lObe 
radiation over a fairly wide range of frequencies. An array of 
such horns can then be used in radio-direction findin~ systems. 
Experiments on the elliptical horn have revealed that it possess 
such characteristics to some extent. Compared with the other horns 
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mentioned so far the elliptical horn has obviously a more complex 
geometry. It also includes the circular conical horn as a special 
case when its eccentricity is zero. Three parameters (the axial 
length and the two flare angles in the minor and major axis planes 
or one of these and the eccentricity) are required for the complete 
specification of its geometry as opposed to the two (axial leng~h 
and flare angle) for the circular horn. The extra degree of 
freedom involved adds to the complexity of a wholly experimental 
study in that a fairly large number of horns have to be constructed 
for a comprehensive study of the factors affecting its radiation 
characteristics. A theoretical model for investigating its pro-
perties is therefore desired. Moreover such an analysis will 
also aid in a better understanding of the mechanisms involved. 
The theoretical investigation of the problem chronologically 
started with an exact solution of Maxwell's equations inside the 
horn using the elliptic function form of the sphere-conal co-
ordinate system. This part of the work formed the contents of 
Chapter 3. It was found that as in the case of a uniform elliptical 
waveguide, the modes inside the horn can be characterised in terms 
of odd and even types and that the field description of these 
modes are expressed in terms of the Lame functions - both the simply-
periodic and non-periodic types. Owing to the complexity of these 
functions and the lack of literature on their properties (work on 
the non-periodic types is non-existent) it was thought at the time 
that further efforts along this direction would not be very fruit-
ful as far as actual quantitative investigations were concerned. 
Thus attention was then directed towards obtaining radiation pattern 
formulae for the modes of a uniform elliptical waveguide, for it 
is generally accepted that some characteristics of horns of small 
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flare angles are similar to those of a uniform waveguide of the same 
cross-sectional shape. For these calculations the exact field 
expressions (in terms of the Mathieu functions) for modes inside a 
uniform elliptical waveguide previously derived by Chul were used 
and radiation pattern formulae for all modes of the guide were ob-
tained using the aperture field method. In addition,cornparatively 
simple pattern formulae without involving the Mathieu functions were 
also derived for the H mode. 
e 11 This aspect of the work is described 
in Chapter 1. 
With the means of calculating the radiation pattern of any mode 
of a uniform elliptical waveguide, an investigation into the horn 
properties using the generalised telegraphist's equations approach was 
made. This approach is essentially similar to Stevenson's theory 
and treats the elliptical horn as a non-uniform elliptical waveguide 
of linear taper. Wave propagation inside the horn is then pictured 
as a series of coupled uniform waveguide modes Whose amplitudes and 
phases at any point inside the horn are governed by the telegraphist's 
equations. The object of this exercise is that with a knowledge of 
the amplitudes and phases of the modes at the horn aperture for a 
given excitation and the individual radiation patterns of these modes 
the resultant radiation patterns of the horn can be obtained by a 
vectorial summation. Unfortunately this treatment is hampered by 
the difficulty of obtaining accurate solutions for the telegraphist's 
equations under the specifications of the problem concerned and was 
later abandonee. However, a summary of this part of the work is 
presented in Chapter 2. Similar difficulties were probably also 
encountered by Marincicl9 in his work on the theory of sectoral 
horns fitted with side-lobe suppressor plates using Stevenson's 
theory. Eventually in his work the single mode approximation theory 
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was used (i.e. neglect of coupling to higher ()rder modes) but patterns 
obtained \'lith this approximation are essentially similar to those of 
an equivalent uniform waveguide mode. 
When these and other possible alternatives of treating the prcb-
lem proved to be unsatisfactory, renewed efforts were made to 
calculate the theoretical horn patterns using the aperture fields of 
Chapter 3, by means of an extensive numerical computational procedure. 
This was facilitated by the discovery of the trigonometric form of 
the sphero-conal coordinate system which not only simplif~the physical 
visualization of the system in relation to the actual horn but also 
avoids the use of the elliptic functions and integrals making numerical 
solutions less daunting. Hence with the electromagnetic field ex-
pressions inside the horn recast in this form of the coordinate system~ 
radiation pattern formulae for the two principal modes - the Hand 
e 11 
oHll conical modes, were derived using the Schelkunoff field equivalence 
method. Numerical values of the non-periodic Lame functions were ob-
tained by a direct solution of its governing differential equation, 
with appropriate boundary conditions~ using the fourth-order Runge-
l<utta technique. ~ The simply-periodic Lame functions were computed 
using a similar procedure as for the Mathieu functions encountered 
in uniform elliptical waveguide theory. Extensive computer programs 
were then developed to calculate the radiation patterns. 
In the majority of cases tested there is good agreement between 
the theoretical and experimental radiation patterns. Subsequently 
the variation of half-power beamwidths with frequency for various 
horns was investigated as well as the parameters affecting the side-
lobes. Broad guidelines for the design of these horns to achieve 
wide-band, low side-lobe operation are derived. Moreover it is also 
shown that this theoretical analysis can account for some unusual 
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features of these herns that have been observed experimentally. 
Nevertheless one disadvantage of this largely numerical procedure 
is the fairly large amount of computer time required and in an 
effort to improve on this aspect of the work an attempt was made 
to obtain the radiation patterns using the geometrical diffraction 
theory cf Keller. However, because of the more complicated geo-
metry of the elliptical horn as compared with the sectoral and 
circular ones anti the lack of analytical knowledge of the non-periodic 
Lame functions this approach has been thwarted by difficulties and 
at the time of writine no further progress has been made in this 
directiun. The b~amwiGth Gesien curves presented in Chapter 4 are 
therefore accomplished with a fair amount of computer time. 
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CHAPTER 1 
The Propagation and Radiation Characteristics of Uniform 
Elliptical Waveguides 
1.1 INTRODUCTION 
The transmission of electromagnetic waves in hollow metal pipes 
of elliptical cross-section had been a subject of some investigations 
in the early years of research on waveguiding structuresl ,2. The 
most notable contribution to this topic was made by Chul , who ob-
tained an exact solution for the electromagnetic fields inside the 
elliptical guide and discussed, among other characteristics, the 
attenuation properties of the various principal modes and their mode 
stability. More recent contributions to the theory of such wave-
guides were also made by Piefke 3 t Maeda 4 and Krank 5• However t 
possibly because of the difficulty of manufacturing such guides, 
they were not adopted as a medium of wave transmission until recent 
years when they appe~on the market as special purpose flexible 
waveguides. In the case of flexible guides, the elliptical cross-
section configuration is superior to the rectangular and circular 
cross-sections because of its modal stability under harsh working 
conditions like boundary perturbations and bending. One useful 
application of flexible elliptical waveguides is as a feeder line 
from the base transmitter equipment to the top of an antenna tower. 
Recent work by Maeda4 has also shown that losses in these guides 
could be made comparable to those in rectangular waveguides by a 
proper choice of the guide dimensions. The radiation properties 
of uniform elliptical waveguides have however received very little 
attention. Therefore there are no existing general formulae. 
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similar to those for the uniform circular and rectangular wave-
guides given in Silver6 , for computing the radiation patterns of 
the various modes of the uniform elliptical waveguide. In this 
Chapter an analysis is presented which is the result of an attempt 
to derive such formulae. The purpose of this part of the work 
had already been mentioned in the main introduction. 
course of deriving these formulae it was found that 
During the 
MUller7 had 
derived some expressions for computing the E and H plane patterns 
of the eHll mode and oHll mode of the elliptical guide. However 
his expressions are only of an approximate nature and therefore 
not of general validity. Moreover, some of his expressions could 
be simplified a stage further than he had done. This present 
analysis results in radiation pattern formulae which includes 
MUller's as a special case. 
Before presenting this analysis it is perhaps appropriate to 
give a brief resum~ of the relevant features of elliptical wave-
guides. This is because the theory of such guides ; ~ not 
generally available in text-books on waveguide theory. This 
resume will also serve the purpose of introducing the notation 
used in, as well as providing continuity of reading with, the 
section on the radiation characteristics of such guides and the 
next Chapter on tapered elliptical waveguides. 
1.2 THE PROPAGATION CHARACTERISTICS OF UNIFORM ELLIPTICAL WAVE-
GU IDES (A RfsUMf) 
Though the electromagnetic fields inside a smooth, uniform 
and perfectly conducting elliptical waveguide have been analysed 
using approximate methods like the perturbation and variational 
tecbniques8,9, this resume will only deal with the exact method 
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of solution of the electromagnetic eigenvalue problem as original-
ly derived by Chul • However t a different approach as \~ell as 
different notations are used. The exact solution can be obtained 
using the elliptic cylinder system of coordinates (t, n, z) shown 
in Fig. (l.l). This system is related to the cartesian system 
by the following set of equations. 
x = 1 cosh t cos n (l.la) 
y = 1 sinh t sin n (l.lb) 
z = z (l.lc) 
1 being the semi-interfocal distance. 
Thus 
x2 y2 2 2 
----- + __ 4 ____ = cos Tl'" sin n = 1 (l.2a) 
12 cosh2 t £2 sinh2 t 
y 2 2 2 
__ -4_____ = cosh t - sin t = 1 (l.2b) 
and it can be seen that the family of surfaces of constant t are 
confocal elliptic cylinders and those of constant n are confocal 
hyperbolic cylinders. Therefore any given ~hape of uniform elliptical 
waveguide can be defined by the coordinate t = t . 
a 
The vari-
ous physical parameters of the guide are then as follows. 
Major Axis = 2 I. cosh to (l.3a) 
Minor Axis = 2 I. sinh t (l.3b) 
a 
Eccentricity, e = l/cosh t . 
0 
(l.3c) 
In common with its rectangular and circular counterparts, 
the electromagnetic fields inside the guide can then be analysed 
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FIG.(l.l) THE ELLIPTIC CYLINDRICAL CO-ORDINATE 
SYSTEM. 
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in terms of transverse electric (or H) waves and transverse mag-
netic (or E) waves. Each of these two types of waves can be 
described completely by a modal wavefunction which is a solution 
of the two-dimensional scalar wave equation with appropriate 
boundary conditions. These two types of waves will now be 
considered separately. 
1.2.1 The Transverse-Electric (or H) Modes 
Denoting the modal wavefunction by ~, the two dimensional 
wave equation and its boundary condition can be stated as 
and 
a~ 
at/t = t = 0 respectively 
o 
(l.4a) 
(l.4b) 
where V~ denotes the transverse part of V2 and kc is the cut-off 
wave number. The relation between the electric and magnetic 
fields and the modal wavefunction , are 
E = 0 z (l.Sa) 
- ~ (V .... e-Yz ~t = ~ x lz> k2 t (l.5b) 
c 
lit = - -1. V 
-yz 
k2 t 
'l' e (l.Se) 
c 
H = z 
, e-Yz (l.Sd) 
where Y = a + jB = propagation constant 
.. 
1 = unit vector in the z direction. z 
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In terms of the elliptic cylinder coordinates, Equation (1.4a), 
can be expressed explicitly as 
(1.6) 
which, on using the separation of variables technique, splits into 
the two equations 
ci2'1't _ 
(a - 2q cosh 2 t) 'I't = 0 (1. 7) 
d 21/! 
__ n+ (a - 2q cos 2 n) 'I' = 0 
dn2 n 
(1.8) 
where 
(1.9) 
(1.10) 
and a is a separation constant. 
Equation (1.7) is the modified Mathieu differential equation and that of 
Equation (1.8) is known as the Mathieu equation. It can be seen 
that the modified form of the equation can be obtained from the 
ordinary form by replacing its independent variable, say z, by jz. 
There is an extensive literaturelO on the solutions for these two 
differential equations but those solutions of interest in the theory 
of elliptical waveguides are the even and odd modified Mathieu 
functions Cern (t, q), Se <t, q) and the basically periodic even 
m cell\(9,4), sem (1)/'\,) 
and odd ordinary Mathieu functionsArespectively. Moreover, for 
physically realisable fields to exist in the guide, it can be 
shown that the factors 'I't and 'I'n of 'I' in the solution of the wave 
equation must be simultaneously of the same parity. Hence apart 
- 7 -
from multiplying constants 
(1.11) 
which defines the even modes and 
Oli' = Se ( ~ , Q ) se ( 11 , Q) m m o-m m o ill (1.12) 
which defines the odd modes, m being an integer. The product 
are not admissable solutions. On applying the boundary conditions 
of Equation (1.4b) the following pair of equations for determining 
the eigenvalues q and hence the cut-off wave numbers of these two 
types of modes is obtained: 
a IjI 
e m 
at/t = '" 
"0 
a li' 
o m 
at/t = '" 
"0 
= Ce ' m 
= Se ' (t, 00 ) 
m -m I~ = ~o 
= 0 (1.13) 
= o. (1.14) 
Let e~ and o~ be the respective nth roots of these equations for 
a given value of m. Then the appropriate modal functions for any 
given even or odd mnth mode are 
eljlmn = A ron (1.15 ) 
(1.16) 
where A and B are normalisation constants. From equation 
ron om 
(1.5) the individual components (assuming a = 0) of the electro-
magnetic field of the ronth mode are 
E = 0 
z 
E~ - -
jBmn 
H~ - -
h k 2 
H --n 
c 
mn 
~ Ce rnn m B Se rnn m 
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(t, e~) ce~ (71, e~n1 
(~, o~) se~ (71, o~nJ 
[
mn Ce~ (t, e~n) cern 
B Se' (~, Q ) se 
mn m o~ m 
(n, e~1 
(n, o~~ 
~ Ce' rnn m B Set mn m (t, e~) cem (n, e~1 (~, o~) sem (n, o~~ 
ce 
m 
se 
m 
-j /3 z 
e rnn 
-j8 z 
e mn 
-jB z 
mn 
e 
-j8 z 
mn 
e 
-j8 z 
mn 
e 
(1.17a) 
(1.17b) 
(l.17c) 
(1.17d) 
(1.17e) 
(1.17f) 
where k 
cmn 
and a are the even k and 8 far the even modes 
mn e c
mn 
e nm 
and the odd k 
o c 
mn 
and ~ for the odd modes and 
omn 
1 ]1 h = ht = hn = 1 [2 (cosh 2 t - cos 2 n) (1.18) 
is the value of the scale factor associated with the coordinates ~ 
and n. Such modes are denoted by H for the even modes and emn 
H for the odd modes. 
o mn 
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1.2.2 The Transverse-Magnetic (or E) Modes 
The modal function ~ of these modes also satisfy equation 
(1.4a) but in this case the bo~,dary condition is 
if = 0 on t = t . 
o 
(1.19) 
The electric and magnetic fields are related to the wave function 
as follows 
E i¥ -vz = e I (1.20a) z 
~ = _-1.. V if e-Yz 
"k2 t 
(1.20b) 
c 
= jw€ A -yz 
!!t (V t i¥ xl) e j(2 z (1.20c) 
c 
H = O. 
z 
(1.20d) 
Thus 
iii = A ee (t, e~) ce (n, - ) e nm mn m m e~ (1.21) 
(1.22) 
where 
e~ and o~ are the nth roots of 
(1.23) 
(1.24) 
respectively. Therefore from Equations (1.20), (1.21) and (1.22) 
the electric and magnetic field components for these modes are 
E~ - -
-
·S J um 
h ](2 
C 
mn 
·s J mn 
h k2 
c
mn 
HE; = 
jw£ 
h j(2 
c 
mn 
jw£ 
Hn = - -h j(2 
H = O. 
z 
c 
mn 
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~ Ce' mn m B Se' mn m 
~- Ce mn m B Se mn m 
~~ ~mn 
Ce 
m 
Se 
r.l 
~ Ce' mn m B Se' mn m 
(1'1, e~)l 
(n, o~J 
-j a z 
e mn 
( -) ( t, e~n cern n, 
( -) ~, e~ ce' m 
(t, q ) se 
o '"TIlll m 
(n, e~)J 
(n, o~) 
-j a z 
mn 
e 
-j 6 z 
mn 
e 
-j f3 z 
mn 
e 
(l.25a) 
(1.25b) 
(1.25c) 
(1.25d) 
(1.25e) 
(1. 25f) 
These modes a~e commonly designated as E and E modes. F~om 
emn omn 
Equation (1.10) an exp~ssion fo~ the cut-off wavelength can be de-
duced as 
wR. A =-
c 
whe~e q is anyone of e~' o~' e~' o~ whe~e appropriate. 
1 Chu had computed graphs of Ac/s vs e for varicus modes of the 
(1.26 ) 
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elliptical guide, where s is the circumferential length given 
by 
i J 211". 
S = e 11 - e 2 cos 2 n dl"l (1.27) 
o 
These graphs are reproduced in Fig. (1.2). Also Fig. (1.3) shows 
the field patterns of the H and H modes in a guide of 
e 11 0 11 
eccentricitye = 0.75. It is also evident from Fig. (1.2) that 
the eHl1 mode is the dominant mode of the guide. 
1.3 RADIATION FROM OPEN-ENDED ELLIPTICAL WAVEGUIDES 
Once the field distribution at the aperture of the open-
ended guid~ is known, the radiation pattern can be calculated. 
The aperture field distribution will of course depend on the 
particular mode that is excited in the guide. For an exact solu-
tion of the radiation problem, the Wiener-Hopf method would have 
to be used. This method had been applied successfully to calcu-
late the radiation patterns of open-ended circular waveguides by 
Iijimall and Vajnshtijnl2 Blass13 had also shown that the 
technique can be extended to elliptical waveguides. However, 
he dealt only with acoustic waves and even in this case the theory 
is quite complicated and results in an infinite series of trans-
forms which are difficult to evaluate. In most practical cases 
such accuracy is not needed and it is also convenient to work 
with formulae derived using the conventional Kirchoff-Huy~en's 
method. One such example is the case of rnultimode horns14 ,15. 
For this reason the latter method is used to calculate the 
radiation patterns of the various modes of the uniform elliptical 
guide. The coordinate system used for calculating the radiation 
- 12 -
Odd Waves Even l,'laves 
~c I 
I 
IC~ 
i IJ; .<; ·8 1 -- '--- I 
----
.6 ~-J---
I) HI' I ~H" 
-
! 
'/ ieEel1 
/ 't- !-l~t-I ,,,,ElL _\ 
-f 
I ,.- nE.u 
- '2..1 eH~1 ,\ 
'7 I ~\ I 
" i \ 
j·o 016 0-2.. 0.2. 0·0 1-0 
Eccentricity 
FIG.(1.2) CUT-O:"}!' \vAVEI.EI~G'llSS OF WAVES 
IN ELLIPTICAL WAVEGUIDES. 
Electric Lines - - - - Magnetic Lines 
FIG.(1.3) FIELD DISTRIBUTION OF MODES IN AN 
ELLIPTICAL I;JAVEGUIDE. 
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field is shown in Fig. (1.4). The far field components of the 
electric field for any given aperture illumination at the open-
end of the waveguide are given by (see Silver6 ) 
where 
E = 0 r 
-Bmn 
--- for H modes 
WlJ mn 
t = 
we 
-13-- for E modes 
mll mn 
(1.28) 
(1.29) 
(1.30) 
(1.31) 
r is the reflection coefficient for the mouth of the guide and N 
x 
and N are the cartesian components of the vector y 
! =J} 
s' 
~ ejk(x sin e cos. + y sin e sin .) ds' 
ap 
(1.32) 
Where ~ is the total transverse component of the aperture electric 
ap 
field which includes both the incident and reflected fields. The 
aperture elemental area ds' is given by 
(1.33a) 
F 
y 
/ 
/ 
/ 
- 14 -
x 
~ 
I 
I 
I 
I 
FIG.(1.4) CO-ORDINATE SYSTEM FOR CALCULATING THE 
RADIATION FROM AN OPEN-ENDED ELLIPTICAL 
WAVEGUIDE. 
- 15 -
and 
A ,. 
~ = (1 E + 1 E) x x y Y 3p ap 
... ... 
= (1 + r) (1 E + 1 E ) . 
x x. Y Yi l. 
(1.33b) 
E and E being the cartesian components of the incident electric 
Xi Yi 
field. The derivation of these formulae is given in Silve~6 and 
thus will not be dealt with. It is not too difficult to show 
that the cartesian components E and E are related to the 
x. Yi 1. 
elliptic-cylinder components by 
sinh t cos n E~. - cosh t sin n E n. 
E 1. 1. (1.34) = 
sin2 n)~ x. (sinh2 ~ cos 2 n + cosh2 ~ 1. 
cosh ~ sin n E~. + sinh t cos n En. 
E = 1. 1. 
Yi (sinh2 t cos2 n + cosh2 t sin2 n); 
(1.35) 
where E~ and E are given by the sets of Equations (1.17) and ~. n. 
l. l. 
(1.25) depending on the mode or modes propagating in the guide. 
The double integrals of Nand N can be reduced to single integrals 
x y 
in either one of two ways depending on the choice of series re-
presentation for the exponential part of the integrand. These 
two series representations are as follows: 
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(i) eja(x cos ~ + y sin ,> 
where 
00 
r 1 Se2r+2 (~, ~) se2r+2 (n, qa) se2r+2 <+, ~) + r=o 8 2r+2 
011 
j r 1 Ce2r+l (~, qa) ce2r+l (n, qa) ce2r+1 (+, qa) + r=o P2r+l 
011 
j r 1 Se2r+l (t, ~) se2r+1 (n, qa) se2r+l (~, qa) r=o s2r+l 
(1.36) 
a = k sin e (1.37a) 
q =.!. 12 a 2 • 
a 4 (1.37b) 
The derivation of this series representation together with the mean-
ing of the constant multipliers P2r' P2r+l' s2r+2' s2r+l are given 
in McLachlanlO• 
(ii) eja(x cos + + y sin +) ju cos (n - X> 
= e 
where 
011 
= J
o 
(u) + 2 I jm J
m 
(u) cos m (n - x) 
m=l 
u = 1aJcosh2 t cos2 • + sinh2 t sin2 • 
(1.38 ) 
(1.39a) 
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x = tan- 1 {tanh ~ tan , } (1.39b) 
and Jm(u) is the Bessel function of order m. 
With the series of Equation (1.36) and the orthogonal properties of 
the Mathieu functions over the domain (0, 2n) in n, it can be 
shown that in all cases, the integrals involved with three of the 
four sub-series will vanish for both Nand N. For example, for 
x y 
any H mode with m odd, only the integrals involve with the sub-
emn 
series 
will. not vanish in the expression for Nx ' Thus 
N II: r se2r+2 (., qa) 
x r 8 21:'+2 
(1.40) 
Similarly for N • 
Y In an effort to obtain expressions for Nand N x y 
in closed form~or the various rnOdes)which are valid for any general 
't this method was first used to evaluate the integrals. After a 
great deal of manipulation it was possible to reduce the double 
integrals into single integrals, but the resulting expressions, 
for general ., of Nand N aI'e found to involve triple product 
x y 
series which in practice are difficult, if not impossible, to 
evaluate. Attempts to simplify them are not successful. If 
however only the radiation patterns in the principal planes (i.e • 
• = 0 and ~ planes) are requiI'ed then these triple product saries 
will simplify to a single series which can be evaluated using the 
aid of a computer. The manipulations involved with this method 
requires a deeper knowledge of the Mathieu functions and will not 
- 18 -
be given here. Instead the simpler analysis using the series re-
presentation of Equation (1.38) is now presented. Although the 
intermediate results involving expressions for general ~ are not 
similar (due to different stages of simplification) the final 
expressions for the radiation patterns in the ~ = 0 and , = ; 
planes are exactly identical in both cases. 
1.3.1 Radiation Due to the Even H Modes 
mn 
For these modes E and E are given by 
x y 
where 
E = x 
jW\J A J/. 
E = - mn (1 + r) 
y k 2 h 2 
e c 
mn 
E = Sinh t cos n Ce (t, eClmn) Xl m 
E = Cosh t sin. 11 Ce' ( t, e~) Xl m 
E = Cosh t sin Tl Ce ( t, e~) Yl m 
E = Sinh t cos 11 Ce' (t, e~) Y2. m 
Therefore 
ce~ (n, 
ce ( 11, 
m 
ce' ( 11, 
m 
ce (11 , 
m 
e<1mn) 
e~) 
e<1mn) 
e~)· 
(1. 41) 
(1.42) 
(1.43a) 
(1.43b) 
(1.43c) 
(1.43d) 
( 1.44) 
(1.45) 
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where II to I4 are dcuble integrals involving only E , E , E 
Xl X2 x3 
and E respectively. 
x4 
From Equations (1.38) and (1.43) it can 
be shown that these double integrals are separable in the two 
variables ~ nnd n. Thus they can be written as follows: 
II = J~o Ginh t Cem (t. q) tJo (u) f2' ce' (n, q) cos n dn + m 
c 0 
GO J2n d~Jd~ 2 ! .p J (u) ce' (n, q) cos n cos P (n - X) p=l J P m 
° 
( 1.46) 
(0 ~OSh ,. J2~ 12 = t Ce t (E;, q) JJ (u) ce ( n, q) sin n dn + m to m 
0 0 
co J2~ d1Jd~ 2 ! jP J (u) cc (n) q) sin n cos p (n - X) p=l P m 
0 
(1.47) 
13 = J~o GOSh t Ce (t. q) (Jo (u) f2 0 ce t (n, q) sin n dn + m m 
0 a 
GO f2~ d1Jd~ 2 l .p J (u) ce' (n, q) sin n cos p (n - X) p=l J P m 
0 
(1.48) 
I. = ito ~inh t c.~ (t. q) {J
o 
(u) f20 cem (n. q) cos n dn + 
o 0 
00 
2 L 
p=l 
jP J (u) 
P J 2~ 
o 
ce (n, q) cos n cos P (n - X) 
m 
where q actually stands for e~. 
(1.49) 
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To evaluate the integrals involving the coordinato n we make use 
of the Fourier series representation of the even Mathieu functions. 
These are10 : 
for m an even integer 
co 
ce (n, q) = r A~m) (q) cos 2rn, 
m r=o r 
and for m an odd integer 
00 
ce (n, q) = r A(rn) (q) cos (2r+l)n. 
m r=o 2r+l 
With these Fourier representations it can be shown, after very 
extensive manipulations, that: 
f2W ce~ (n, q) cos n dn = 0 for rn both even and odd 
o 
ce' (n, q) sin n dn = 0 for rn even f2W J 
Q m = _nA~m) (q) for m odd 
f2W ce (n, q) sin n dn = o for m both even and odd m 
0 
J2W 
ce ( n, q) cos n d n = o for m even 
ooJ 
m 
0 
= WArn (q) for m 1 
and for p and r restricted to the ranges p = 1, 2, '" 00 and 
r = 0, 1, 2! ••• 
delta function, 
aD respectively and ~ .• being the Kronecker 1.,J 
co 
ce' (n, q) cos n cos p (n - X) dn 
m = - ~ r (2r+l+s) 2 r=o 
o 
(1.50a) 
(1.50b) 
(1.51) 
(1.52) 
(1.53 ) 
(1.54) 
(1.55) 
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co 
ce' (n, q) sin n cos p (n - X) dn 
m = -; r r=o 
o 
(q) cos p X r c5 2"'"'"5 - 0 "l 1 p, .T p,2r+2+~ 
., 
where in the above two equations 
s = 1 for m even 
s = 0 for m odd 
ce (n, q) sin n cos p (n - X) dn = 
m 
o 
(2r+1+s) 
(1.56) 
; ~o A2r+1+a (q) sin p X {6p •2r+2+a - 6p •2r+a + 6p •1 6r •o 6-1 •al 
•• 1 
(L57) 
J
21f 
cern (n, q) cos n cos p (n - X) dn = 
o 
!. I A (m) () tS tS + c5 6 <5 _ \ w { ~ 2 r=o 2r+1+0 q cos p X • p,2r+2+0 + p,2r+o p,l r~o -1,':) 
(1.58 ) 
where 
o ;: -1 for m even 
a = 0 for m odd. 
In all these equations terms such as c5 2r and c5 2 1 where r = 0 p, p, r-
will be understood to be zero because of the restricted range of p. 
By substituting these expressions into II ••• 14 and interchanging 
summation signs of p and r,these integrals become after simplification: 
- 22 -
II = - • Ito ~ibb t Cem (t, q) [ r!o(2r.1.S) j2r+s A~~1+S 
(J2r+S (u) sin (2r+s) X - J2r+2+s (u) sin (2r+2+s) X})Jdt 
(1.59) 
t" Ce' (c, q) (~A(m) J. 2r+o {J (u) sin (2r+o)X ~ m ~ r~o 2r+l+o 2r+a 
(1.60) 
13 = - • to fcOSh t Cem (t, q) [rIo (2r+1+s) A~~1+S j2r+S 
o -
(J2r+S (u) cos (2r+s) X + J 2r+2+s (u) cos (2r+2+0) ~}lJdt 
(l.61) 
14 = Tf f~o ~inb t Cern' «(, q) (r .2r+a A (m) f J (u) cos (2r+a) X I~ r=o J 2r+l+o l 2r+o 
o -
- J 2r+2+0 (u) cos (2r+2+0) ~ lJ dt. 
(1.62) 
The explicit dependence of the Fourier coefficients on q is not shown 
in order to simplify typing. Thus these integrals can be combined 
in accordance with Equations (1.44) and (1.45) to give expressions 
for Nand N. Attempts were made to evaluate these single inte-
x y 
grals analytically in order to obtain expressions in Closed form 
for N and N and hence the radiation patterns. For a general 
x y 
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value of +, these attempts are not successful and hence numerical 
methods will have to be used for the integrations. However, if 
only the radiation patterns in the principal , = 0 and • = ; 
planes are of interest, it is possible to obtain closed form ex-
pressions for the patterns in some cases and to simplify the 
integrals in cases where analytical evaluations are not successful. 
These principal plane patterns are now considered separately. In 
order to avoid unnecessary repetitions it should be stated at the 
outset that in the • = 0 plane the values of X and u are respect-
ively. 
X = 
u = 
11" 
and in the. = '2 plane these are 
x=.! 2 
u = R.a sinh t 
These can be deduced from Equation (1.39). 
1.3.1.1 The. = 0 Plane 
With X = 0 it can be seen from Equations (1.59) to (1.62) 
that 
II = 12 = Nx = 0 
and 
(1.63) 
(1.64) 
(1.65) 
I3 = -· to tOSh t COm ( t, q) (I (2r+ 1+8) A (In) j 2r+s e ( u )r=o 2r+l+s 2r+s 
J2r+2+s (U)}]]dt (1.66) 
+ 
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1T J~o t (00 .2r+a (rn) f 14 = sinh ~ Ce~ (~t q) r J A2r+l +a J 2r+a (u) r=o o 
(1.67) 
By using the following rec~ence relationships for the Bessel 
functions 
(loSS) 
J 1 ex) - J 1 ex) = 2J' (x) n- n+ n (1.69) 
I3 and I4 can be further simplified and on combining they give 
~ ( )2 (m) .2r+s fto L 2r+l+s A2r+l +s J 
r=o o 
= 
211' 
R, k sin e (ta cosh t) dt 
A
(rn) It ) dJ2r+l+a (ta cosh t) + \ j2r+a 0 Cern' (~, q dt d~ 
I.. 2r+l+a 
r=o 
o 
U.70) 
It does not seem possible to reduce this expression any further. From 
Equations (1.28) to (1.31) it can be seen that the only non-vanishing 
component of the electric field is 
+ cos e - r 
(1.71) 
which hence determine the radiation pattern in this plane. 
TT 1.3.1.2 The ~ = 2 Plane 
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With X = ; in Equations (1.59) to (1.62) the following expressions 
are obtained: 
and 
= 
2'ITj 
t k sin e 
For m an even integer 
+ ~ A(m) 
L 2r+2 
r=o 
o 
o 
(1. 72) 
(1.73 ) 
which again does not seem to offer any further simplification. 
Hence the radiation pattern is determined by 
kw" A R. -jkr 
.. mn e 
E 4> = --;;;;;..---
4'IT I' k 2 
e c 
mn 
If, however, m is an odd integer 
and 
= 
Ii = I = N = E = 0 2 x 4> 
R. k sin e ~ (2r+1) A(m) {I~o Ce L 2r+1 m 
r=o o 
+ I~o Ce~ (~, q) J 2r+l 
o 
- cos 
(1.74) 
(1.75 ) 
dJ (~a sinh t) (~, q) _2r+l 
d~ 
(.eo sinh I;) dE;} 
(1. 76) 
d~ 
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By using the method of partial integration this expression 
can be further simplified to 
I = Y 
Hence in this case a closed form expression for the radiation 
pattern can be obtained as: 
(1.77) 
2r k 2 sin e 
e c 
~ t A A cos e t r[l - A A cos ell x 
e8mn e~n ~ 
m" 
1.3.2 Radiation Due to the Odd H Modes 
mn 
where 
For these modes of operation E and E are given by 
x y 
E = y 
jWlJ Bmn R. 
--;,;;;;;,.- (1 + r> (E 
Yl 
(1.78) 
(1.79) 
(1.80) 
(1.81a) 
(1.8lb) 
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E = cosh ~ sin n Se (~, o'1mn) se' (n, '1m) Y1 m m o n 
(1.81c) 
E = sinh E; cos n Set (~, o~n) 5.3 (n, o~n)' Y2 m m 
(l.81d) 
Comparing these equations with those of Equations (1.41) to (1.43), 
it can be seen that the differences between these two cases are the 
interchanging of B for A and the odd Mathieu functions for the 
mn mn 
even Mathieu functions. Thus the expressions for 11 ••• 14 in 
this case will be similar to those of Equations (1.46) to (1.49) 
but with the odd Hathieu functions in place of the even Mathieu 
functions. The Fourier series representations of the odd Mathieu 
fu · . b 10 nct~ons are g~ven Y : 
for m an even integer 
00 
B(m) se (n, q) = L (q) sin (2rT2)n m 2r+2 
r=o 
(1.82) 
and for m an.odd integer 
00 
se
m 
(n, q) = L B(m) (q) sin (2r+l) n • 
r=o 2r+l 
(1.83) 
This time to reduce the do~le integrals I1 ••• I4 to single 
integrals the following sets of relations which are again derived 
aftar some manipulations are used: 
(W se' (n, q) cos n dn = o for m even m (1.84) 
0 B(m) 
= 11" 1 (q) for m odd 
(11" se' (n, q) sin n dn = 0 for m both even and odd (1. 85) m 
0 
a 
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se (n, q) sin n do = 0 for m even 
m 
= ~B~m) (q) for m odd 
(1.86) 
f2n se
m 
(n, q) cos n dn = 0 for m both even and odd 
o 
(1.87) 
and for p = 1, 2, ••• ~, r = 0, 1, 2, ••• ~ 
a 
o 
[
211' 
o 
f
2'11' 
o 
se' (n, q) cos n cos p (n - X) dn 
m 
co 
(2r+1+s) a(m) (q) cos p X {~ 2 ~ + ~ } 2r+1+s p, rTS p,2r+2+s 
se' (n, q) sin n cos p (n - X) dn 
m 
co 
(l.88) 
= ! r~o (2r+1+s) B~~l+S (q) sin p X ~6p,2r+2+s - ~PI2r+s} 
sem (n, q) sin n cos p (n - X) dn 
co 
_ 'II' i' (m) 
- 2 L B2r+1+s (q) cos p X r=o 
{d - d } p,2r+s p,2r+2+s 
se
m 
(n, q) cos n cos p (n - X) dn 
(1.89) 
(1.90) 
.. 
= ~ I B(m) (q) sin p X {~p,2r+2+s + ~P.2r+s} (1.91) 2 r=o 2r+1+s 
where again s = 1 for m even 
s = 0 for m odd (1.92) 
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and 0 2 and 0 2 1 are zero for r equal to or less than zero. p, r p, r+ 
With these relations it can be shown that the expressions for 
11 ••• 14 are reduced to: 
(J2rts Cu) cos C2r+s) X - J2r+2+s Cu) cos C2r+2+S)X}lJd~ 
(1.93) 
12 = • rO~OSh ~ Set (~ q) (~ J. 2r+s B(m) {J (u) cos (2r+s)X m .. • r~o 2r+s 2r+s 
+ J2r+2+s Cu) cos C2r+2+s)x}l]dt 
Sa 
m 
(t, q) (~ j2r+s (2r+l+s) 
r=o 
(1.94) 
B~l+S (J2r+S Cu) • sin C2r+s) X + J2rt2+s Cu) sin C2r+2+B)x}J]dt 
(1.95) 
I. = • to tinh t Se~ Ct. q) LL j2rts B~~l+. 
[J2rts Cu) Bin C2rts) X - J2r+2.B Cu) sin (2rt2'S)x}lJd~ 
(l.96) 
As in the case of the H modes it does not seem possible to 
emn 
simplify these integrals any further for a general value of ~. 
Thus only the radiation patterns in the principal planes will be 
considered. 
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1.3.2.1 The ~ = ° Plana 
With X = 0, it can be seen from Equations (1.93) to (1.96). 
Equations (1.79) and (1.80) that 
N = 0 y 
and again using the recurrence relationships of the Bessel 
functions 
.2r+s (2r 1 ) B(m) 
J + +S 2r+l+s 
{.l ~o SOm ) dJ2r+l+s (ta cosh t) .... (t. q Cit dt 
+ Ito ~J Se~ (t, q) J2r+l +s (1a cosh t) d~ 
c 
By partial integration this will reduce to 
0> 
r .2r+s (2r+1+s) B
2
(m)1 
l ) r+ +s 
r=o 
(1.97) 
(1.98) 
(1.99) 
Hence from Equations (1.28) to (1.31) the radiation pattern in this 
plane is detennined by: 
rl + _~-~--- cos e + r (1 - ~ ~ 
L o~ o~ cos 
( ) ~ .2r+s (2r+l+s) B(m) 
to' o~n L ) 2r+l+s 
r=o 
(1.100) 
'II' 1.3.2.2 The $ = 2 Plane 
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With X = ~ in Equations (1.93) to (1.96) and in the same 
manner as above it can be shown that for m an even integer the 
radiation pattern in this plane is given by: 
jw~ B 
mn 
2r k2 
o c 
mn 
-jkr 
e 
sin e 
A A cos e + r (1 - A A 
o8mn o~n 
cos 
(1.101) 
whereas for the case when m is an odd integer the pattern is deter-
mined from 
where 
kw~ B R. e -jkr 
ron 
4'11' r k2 
o c 
mn 
cos e + r ( A A 
o~n 
(1.102) 
2'11' ~ (m) { 2 J~c ( 
= t k sin e r B2r+l (2r+l) Sem t, q) J 2r+l (ta sinh t)dt 
r=o 
Se' (t. m 
o 
dJ (ta sinh t) } 
q) 2r+l dt dt 
1.3.3 Radiation Due to the Even E Modes 
mn 
(1.103) 
The radiation patterns of these modes can be derived in the 
same laborious way as in the case of the Hmn modes. However, 
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this would not be necessary for from the two sets of equations 
(Equations (1.17) and (1.25» for the el~ctroma8netic fields in-
side the waveguide it can be seen that as far as the functional 
forms of the equations are concerned 
(1 .. 104) 
(1.105) 
for both the even and odd waves. The letter 'f' above the equal 
sign denotes only functional equivalence and the values of the 
various parameters will be different (e.g. e~n replaceJ e~n)' 
Therefore it can further be deduced that 
(1.106) 
(1.107) 
(1.108 ) 
(1.109) 
Hence from Equations (1.108) and (1.4.+) 
j A R. eBmn (1 ... r) ~~.- I~ N = mn (1.110) x j(2 
e c 
mn 
j A R.eBmn 
(1 ... r) El -12J = mn (l.lll) j(2 
e c 
mn 
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where 
~ Ce 
m 
- (~ .2r+s A(m) (~, q) r~o (2r+l+s) J 2r+l+s 
t2r+s (u) cos (2r+s) X + J 2r+2+s (u) cos (2r+2+S)t Ud( 
(1.112) 
Ce
' 
(~, q) [~ j2r+a A2(m) 1 {J2 (u) cos (2r+a)x m r=o r+a+ r+a 
- J 2r+2+c (u) ces (2r+2+a)x}1]d( 
(1.113) 
Similarly 
where 
N =-Y 
= 
J. A n e mn"'emn 
k2 
e c 
mn 
(1 + r) [I~ + I~ (1.114) 
(1.115) 
13 = - • to tiDh ( - l~ ( ) .2r+s A(m) Cern (t, q) ;0 2r+l+s J 2r+l+s 
... 
~2r+S (u) sin (2r+1) X - J 2r+2+s (u) sin (2r+2+s)~1]d( 
(1.116) 
Jf; [ - r ~ A (m) .2r+a f. 14 = - ~ 0 ~OSh t Ce~ (t, q) tr~o 2r+l+a J lJ2r+a (u) 
o 
sin (2r+a) X + J 2r+2+a (u) sin (2r+2+a)~lJdt 
(1.117 ) 
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In these expressions q actually stands for Q and the coefficients 
e'"llln 
A~~~l+S etc. are functions of e~' Thus these are the expressions 
for calculating N
x
' Ny and hence the radiation p~tterns for these 
modes. 
1.3.3.1 The, = 0 Plane 
that 
and 
With X = 0 in the expressions for II ••• 14 it can be seen 
= 
211' 
£ k sin a 
(2r+1+s)2 (m) .2r+s A2r+1+s J 
I J 2r+1+S (tB cosh ~) dt 
r=o 
o 
Ce (t, q) 
m 
(1.118) 
+ j2r+O (m) 
A2r+l+O 
_ dJ2r+1+a (tB cosh t) Ce~ (t, q) dt dt 
o 
(1.119) 
and from Equation (1.29) and Equation (1.30), the only non-vanishing 
component of the electric field is 
k BAt e-jkr 
e mn mn 
4 r k2 
eC
mn 
~ + -X-~-- cos e + r (1 - X A 
[ e9mn egmn 
(1.120) 
which hence determines the radiation pattern in this plane. 
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'II' 1.3.3.2 The ~ = 2 Plane 
In exactly the same manner as above it can be shown that for m 
an even integer 
I = I + I Y 3 It 
00 
= _ 2'11'~ r 
R. k Sl.n e L 
r=o 
(2r+2)2 f~o Cern (t, q) J 2r+2 (ta sinh t)d~ 
o 
dJ (ta sinh ~) Ce~ (t, q) d[2r+2 dt 
o 
(1.121) 
and the radiation pattern is uetermined by 
k a A R. o-jkr 
e ron mIl Ee = - ---....;..;.------
4'11'r j(2 
e c 
mIl 
If however m is an odd integer 
= 
(1.122) 
(1.123) 
Since Ce
m 
(to' e~) = 0 from the boundary condition for these modes, 
I = 0, and hence all the far field components of the electric field 
x 
are zero implying that there is no net radiation along this plane. 
1.3.4 The Odd E Modes 
mn 
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The expressions for the radiation patterns of these modes will 
just be stated in summary form. They are obtained in a similar 
manner as for the even modes. 
In the ~ = 0 plane all the electric field components will re-
duce to zero for these modes. On the other hand in the ~ = ~ 
plane, these field components will only 1a zero provided that m 
is an even integer. If, however, m is an odd integer 
(2r+l)2 f~o Se (t, q) J 2r+1 (J1,a sinh m 
0 
to dJ o.a sinh t) + Se' (t. -) 2r+l dt m q d~ 
0 
t)dt 
(1.124) 
and tho radiation pattern is determined by 
cos e + r (1 - _~_A~ cos e]lIy 
o~ J 
(1.125) 
1.3.5 Transition to Circular Waveguides 
The radiation pattern formulae obtained in the previous 
sections for the various modes of the elliptical waveguide are 
valid in general for all values of eccentricity of the guide. 
Thus when the eccentricity is zero, i.e. the waveguiJe becomes a 
circulall one t these formulae should reduce to the well known 
radiation pattern formulae for the correspondine; modes of the 
circul~ waveguide. To prove that this is the case the principal 
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plane patterns of the H modes will be consiJere~ as examples. 
e mn 
10 From McLachlan ,the following relationships can be obtain~d: 
When e .. 0, ~ .. ~, £ .. 0 anJ 
R, sinh ~ .. r 
R. cosh t .. r 
Am ( ) .. <5 
s q s,m 
Ce (~, q) .. r' 
.i:'m m 
Ce' (~, 
m 
dr d~" -r 
q) .. pi 
m 
J (k r) 
m c 
k r J' (k r) 
c m c 
(1.126) 
where r is the cylindrical polar coordinate, k is the cut-off wave-
c 
number of the circular guide and pI is, for a given mode, a 
Til 
multi~lying consta~t (see McLachlanlO ). 
Substituting the expressions of Equation (1.126) into Equation (1.70), 
(for the 9 : 0 plane) 
e .. 0 
.m-l ~2 r J m (ke r) J (l) r) tI - 2'!T p' rn dr+ .. J Y r:l r 
k fa r J' (k r) JI (0 r) 1 c m c m 
:.; 
(1.127 ) 
On using the Bessel functinns recurrence relationships eiven by 
Equation (1.68) an,~ Equation (1.69), the orthogonal properties of 
the Bessel functions, the boundary conditions for these mo~es, i.e. 
J' (k a) = 0 and the Lommel integral formula m c 
- 38 -
fa J (k r) J (a r) rdr m c m 
o 
= __ a __ 
a 2 - k 2 
c 
rk J 1 (k a) J (a a) - a J 1 (a a) J LC m- c m m- m 
the integrals of Equation (1.127) can be evaluated and after 
simplification will reduce to 
u y 
e-+-o 
-+-
.m-l 
- 4rr ) p' a 
m 
JI (k a sin e) J (kq) 
m m c 
(1< sin e)2 1 - k 
c 
where a is the radius of the circular waveguide. Thus 
(1.128) 
(1.129) 
~+ cos e C~n - r [~- cos e~ ~n ~ E4I = 
j~-l pI kw~ a A e- jkr 
m mn 
J' (ka sin e) J 
m m 
1 _ (k sin 
k 
c 
(k a) 
c 
e 2 ) 
(l.130) 
n In the ~ = 2 plane, the radiation pattern formula of Equation (1.74) 
will reduce to the same form as above when m is an even integer but 
when m is odd,Equation (1.77) becomes 
e-+-o J (ka sin e) 
m 
.n -+- - 2n m pI J (k a) ~-----y m m c 
and hence 
-jkr 
e 
k sin 9 
~ + ~ cos e + r [1 -f cos C Smn g 
J (k a) J (kn sin e) 
m c m 
sin e 
(l.131) 
(1.132) 
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Comparisons of these reduced equations with those given in 
Silver6 for the radiation patterns of the H modes of the 
mn 
circular waveguide will show that they are identical except 
for multiplying constants. In a similar manner it can be 
shown that the radiation patterns of the other modes will reduce 
to their circular guide counterparts when the eccentricity is 
zero. The radiation formulae for the odd modes will reduce to 
formulae which would have been obtained in Silver6 if the circu-
lar waveguide potential function had been chosen as 
instead of 
= A J (k r) cos m 9 
mn m c 
as Silver had done. Thus in particular when m = 1, the eHIl and 
oHll will reduce to similar radiation patterns but spatially 
1T 
rotated by 2 degrees £rom one another. 
1.3.6 Numerical Computation of the Radiation Patterns 
It has been seen that all the derived expressions for the 
radiation patterns involve the even and odd Modified Mathieu 
functions, the Fourier coefficients of the Mathieu functions and 
infinite series of the Bessel functions. Although some tables16 ,17 
of the Mathieu functions and its Fourier coefficients are avail-
able it was found to be more convenient to incorporate a procedure 
to compute these quantities into the main computer program rather 
than use interpolation methods on the tabulated values. The method 
used for computing the Mathieu functions is a modification of that 
used by Ince18 and Kirkpatrick19 
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1.3.6.1 Computing the Modified Mathieu Functions and the Fourier 
Coefficients 
A brief review of the relevant properties of the Mathieu 
functions is now presented in order to demonstrate the method of 
computation. The details of their derivations can be found in 
McLachlanlO or Arscott20 • It has already been stated that the 
ordinary Mathieu functions have Fourier series representations 
(see Equations (1.50), (1.82) and (1.83~. The Modified Mathieu 
functions can similarly be represented by infinite hyperbolic 
series 
00 
A(2n) CC2n (t, q) = L (q) cosh 2r~ 2r U.133a) 
r=o 
00 
A(2n+l) Ce 2n+l (E;, q) = L (q) cosh (2r+l)t 2r+l U.133b) 
r=o 
co 
B(2n+2) 5e2n+2 (E;, q) = L (q) sinh (2r+2)E; 2r+2 
r=o 
U.133c) 
00 
B(2n+l) 5e2n+l (E;, q) = L (q) sinh (2r+1)E;. 
r=o 
2r+l (1.133d) 
For the same value of the parameters a and q (Equation (1.7» these 
coefficients are exactly identical to those of the ortiinary Mathieu 
functions. As the main interest will be on the eHll and oHll modes, 
the computation of the Ce2n+1 (t, q) and Se2n+1 (E;, q) functions will 
be considered only. From Equation (1.7) anG. Equation (1.8) it can 
be seen that the Mathieu functions will depend on the separation 
constant a. This separution constant is known as the character-
istic value and to each of th~se functions is associated a 
characteristic value denoted by a2n+1 (for Ce2n+1 (E;, q) or 
ce2n+1 (n, q» and b2n+l (for 5e2n+1 (E;, q) or se2n-r1 (n, q». 
From McLachlanlO it can be shown that the Fourier coefficients will 
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satisfy the following three terms recurrence relationships: 
Let 
for Ce2n+1 (~. q): rn = 2n+1 
(a - 1 - q) A(rn) - q A(m) = 0 
rn 1 3 
{a - (2r+l)2} A(m) - q {A(rn) + A(m) } = 0 m 2r+1 2r+3 2r-1 
for Se2n+l (t, q): 
(b - 1 + q) B(m) - q B(rn) = 0 
m 1 3 
{b - (2r+l)2} BCm ) - q {B Cm ) - B(m) } = 0 m 2r+l 2r+3 2r-l 
A(ro) 
2r+3 A(m) for Ce2n+1 (~, q) 
2r+l 
(l.l34a) 
(1.134b) 
(1.135a) 
(l.13Sb) 
V2r+1 = (1.136) 
B(m) 
2r+3 
B(m) for Se2n+1 (~, q) 
2r+l 
Then from Equation (1.134) and Equation (1.135) 
for Ce2n+l (t. q): 
a - 1 - q V = _m ___ _ 
1 q 
V2r-l = -----q.&.-_---
am - (2r+l)2 - q V2r+1 
r > 1 
(1.l37a) 
(1.l37b) 
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for Se2n+1 (t, q) : 
(b - 1 + q) 
VI = 
m (l.13Sa) 
q 
q 
V = -... ~ r > 1 2r.-l (2r+l)2 -b 
- - q V2r+1 m .. 
(l.l3Sb) 
From these equations and using repeated substitutions the following 
infinite transcendental continued fractions that a and b must 
m m 
satisfy in order that cern (n, q) and sem (n, q) be periodic functions 
can be dar i veu : 
q2 
a = 1 + q + ----- -----
m a - 32 _ a-52 -
m III 
q2. (J2 
b = 1 - q + In b 32- b 52 - - -In m 
•••• 
.... 
a - (2r+l)2. 
m 
b - (2r+l)2 
m 
(l.l39a) 
U.l39b) 
These equations are known as the characteristic equations and apart 
from the sign preceding q in the second term, the equation is 
similar for both a 2n+l and b 2n+l • For a given value of q, the 
characteristic values can then be calculated from these equations. 
Hence the ratios of the coefficients, v2r+l , can be computed from 
equations of the form of Equation (1.137). The values of the 
Fourier coefficients themselves are however determined only up to 
a multiplicative constant and to fix these values a normalisation 
procedure has to be adopted. There are several different ways20 
of normalising the Mathieu functions each having its own merits 
but the procedure used here is due to Goldstein which is such 
that 
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J
21f r ~ 2 
LSS2n+l (n, q~ dn = 'If (1.140) 
o o 
Then by substituting the Fourier series of these functions into 
these integrals 
IX) 2 
r ~!\ (2nTl~ 2r+1 
r=o 
= r (1.141) 
r=o 
(2n+l) 2 [ (2n+l) 2 . 
and by dividing throughout by [At ] and B1 1 respect~vely 
the following relationship is obtained 
1 
= 
+ ••••••• (1.142) 
. (2n+l) 
A similar relationship musts for Bl • Therefore when the values 
of the ratios V2r+l (r = 0, 1, 3 ••• ) are known, the Fourier co-
efficients can be calculated. 
A crucial point in the computation of the Mathieu functions 
thus lies in the computati~n of its characteristic numbers. Several 
authors (e.g. Kirkpatrickl9 and IncelS ) have computed these numbers 
by working directly from the infinite continued fraction as stated 
in the form of Equation (1.139). In general, the method involved, 
for a given value of q, a trial and error and interpolation pro-
cedure and the computation is started by assuming say, the 21st 
term of the continued fraction to be zero and then computing in 
turn the 20th , 19th etc. terms. As can be imagined, this method 
is quite laborious. A more convenient method would be to use 
matrix theory, for it can be shown that the characteristic 
equation can be expressed in the infinite determinantal form 
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1 + q 
- a q 0 0 
2 0 q 3 -n q 
0 2 0 (1.143) q 5 -a q = 
• • • 
• • • • 
Thus the characteristic values a 2n+l are the eigenvalues of the 
infinite tri-diagonal matrix 
1 + q q 0 0 
2 0 q 3 q • 
Q= 
52 
(1.144) 
0 q q • 
• • • 
Since Q is an infinite matrix exact values for the eigenvalues 
a2n+l cannot be obtained. However, by truncating the order of 
the matrix, approximate values of the eigenvalues a2n+l can be 
calculated, the accuracy of which can be improved by increasing 
the order of the truncated matrix. In fact this truncation is 
equivalent to Kirkpatrick's procedure of starting the computation 
of the infinite continued fraction by assuming higher terms of the 
continued fraction to be zero. For most practical values of q 
used in this study a (20 x 20) truncated matrix is found to be 
quite sufficient. The eigenvalues of the truncated matrix can 
be obtained in anyone of several ways but since the matrix is 
already in the convenient symmetrical tri-diagonal form, the 
Bisection21 method using Wilkinson's modified sturm sequences is 
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found to b',:; most suitable. After obtaining the value of the 
characteristic number the value of v can be calculated from 
1 
Equation (1.137a) and then it would appear that the ratios 
v3' Vs v7 ••• can be 0btained successively by inverting Equation 
(1.137b) • However, although ideal in theory this method is not 
useful in practice because small inaccuracies in the numerical 
computations will build up and cause instability. A different 
approach to computing these quantities is needed. This is again 
based on Equation (1.137b). It can be shown that as I' ~ co, 
v2r+l ~ 0 and therefore it is reasonable to assume, say v 31 - 0, 
and then compute v29 ' v27 •••• v3 in turn. This method is found 
to give very accurate results. • (2n+l) To obta~n b2n+l and B2r+l the 
only change needed is the sign preceding q in the first el~~ent 
of the matrix Q and then to use Equation (1.130) instead. Having 
obtained the value of the coefficients, the modified Mathieu 
functions can be computed by a summation of the hyperbolic series 
of Equation (1.133) as Kirkpatrick19 did. A disadvantage of using 
the hyperbolic series is that they are rather slow to converge be-
cause the hyperbolic functions ar~ unbounded for r ~ m. For this 
reason the Bessel function series representations of these functions 
are used instead. 
Se2n+l (t, q) 
10 These are 
, (If) co 
ce 2n+l 2' q 
= l 
fa A (2n+l)( ) 1'=0 q 1 q 
where from Equations (l.SOb) and (1.83) 
( _1)1'+1 A(2n+l)( ) J (2~ h) 21'+1 q 21'+1 rq cos ; 
(1.145) 
(1.146) 
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(X) 
t 1T I (_l)r+l (2 1)' (2n+l) (q) ce2n+l ('2' q) = r+ t\.2r+l 
r=o 
(1.147) 
00 
se2n+l (0, q) = I (2r+l) B(2n+1) (q) 
r=o 2r+l 
(1.148) 
Ther~fore with a convenient method of computing the Bessel functions, 
the series of Equations (1.145) and (1.146) can be summed to give 
the values of the modified Mathieu functions. 
So far no mention has been made about the computation of the 
roots a and a • e~n o~n To recap these are the roots of the equations 
obtained from the boundary conditions on the waveguide surface which 
are given by Equations (1.13) and (1.14) respectively. Thus. for 
example, eqll is the first root of 
J df Cel (~J q)/ ~ = ~ ::: 0 
o 
Differenting Equation (1.145) gives 
2 sinh ~ ce2n+1 (~, q) 
A{2n+l) 
1 
I 
r=o 
(1.149) 
(_l)r+l A(2n+l) (q) 
2r+l 
(1.150 ) 
and with n = 0, the root ql can be obtained by a trial and error 
e 1 
and interpolation method using a iterative process. A more con-
vonient method of obtaining the root however is to use Chu's 
graphs of Fig. (1.2) to get an approximate value first and then 
apply the method of false position22 (regula falsi) to obtain a 
more accurate value. The root ~n is related to its associated 
cut-off wavelength ~ by Equation (1.26). 
c 
mn 
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1.3.6.2 Computing the Bessel Functions 
The Bassel functions are computed using standard methods 
which are described in Abramowitz23 • For very small values 
of argument x (x < 0.2) the power series for the Bessel function 
is used, i.e. 
J (x) = 
v L 
s=o s! (\I + s)! 
When the argument is larger the recurrence relationship 
2 (v + 1) J J v (x) = x v + 1 (x) - J v + 2 (x) 
(1.151) 
(1.152) 
is used instead. Thus since J (x) + 0 as v + ~ it can be assumed 
\I 
that I N (x) - 0 for some sufficiently large value of N and by 
assigning an arbitrary constant value to I N _ 1 (x), the values 
of I N _ 2 (x), I N 
Equation (1.152). 
3 (x) •••• J (x) can be calculated using 
These calculated values are not the absolute 
values of the Bessel functions but they can be made absolute by 
using the normalising equation 
sin x = 2J (x) - 2J (x) t 2J (x) •••• 
135 
(1.153) 
Therefore if j (x) is the value of J (x) calculated by the above 
" \I 
process and 
(1.154) 
then 
j (x) sin x 
J" (x) = __.'.1 ___ _ 
Sex) 
(1.155) 
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1.3.6.3 Further Computational Details 
Computer programs in the Fortran IV language have been written 
to compute the normalised principal plane patterns of the eHII and 
oHll modes and with some modifications these can be extended to 
cover other modes as well. It is assumed that the reflection co-
efficient r is zero. The radiation pattern formulae used in 
the program are those given in Sections 1.3.1 and 1.3.2 but mani-
pulateu into simpler fonns (from the computational point of view) 
tc minimise computing time. For example, from Equation (1.71) 
the normalised ¢ = 0 plane pattern for the ",HIl mode can be ex-
pressed as 
E a: 
¢normalised 
where I is given by Equation (1.70) with s = 0 = 0, i.e. y 
I 
Y 
l 
211' 
= ~X.'-!"k--s"'='i-n-e 
r=o 
o 
net 
'"" 1 
(1.156) 
(1.157 ) 
By partial integration of the 2nd integral and using the boundary 
condition of Equation (1.13) and the differential equation, 
Equation (1.7), it can be shown that 
I = y 
21f 
R. k sin 6 
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+ 2.q11 teeel (;,.'<11) cosh 2~ [L (_l)r A~!ll (eq11) J 2r+1 (1a cosh t~dt 
o 
Moreover from Equation (1.26) 
and with 
1 1 1 
---=-
).2 A 2 A 2 
c g 
it can be shown that 
Thus 
(1.157) 
(1.158) 
(1.159) 
(1.160) 
(1.161) 
wher& I is given by Equation (1.157). With this formula it is y 
therefore not necessary to tabulate the derivatives of the Mathieu 
and Bessel functions. A similar treatment is also applied to the 
other radiation pattern formulae. In those cases where integrals 
are involved a ten point Gaussic'Ul quadrature procedure is found to 
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be adequate f0r the range of guide parameters considered. 
1.3.7 Approximate Analysis of the Radiation Fields of the H 
e 11 
Mode 
It has already been seen that the electromagnetic fialds in-
side a perfectly conducting uniform elliptical waveguide are de-
scribed by the Mathieu functions. Because of the relative com-
plexity of these functions some authors, in work related to 
elliptical waveguides, have preferred to use fields which are 
derived by approximate methods in order to avoid these functions. 
Thus in a recent study of the attenlUation properties of the H 
e 11 
mode of the elliptical guide, Maeda4 used the expressions of the 
9 
H modal field which were derived by Kihara using the varia-
C! 11 
tional method. The results obtained by Maeda were found to 
agree to within 3% with those obtained using the exact fields of 
Section 1.2.1. Unfortunately several attempts to obtain a copy 
of Kihara's book were not successful and therefore the details of 
his derivation are still not known. However, these approximate 
waveguide field expressions have been quoted by Maeda and en-
couraged by the excellent results obtained in his attenuation 
calculations, the author had also used these approximate field 
expressions to obtain radiation formulae for the H mode. This 
e 11 
analysis now follows. 
4 From Maeda , the electric field components of the H mode 
e 11 
are given in terms of the cartesian coordinates by 
E = jWlJ 2 x y 
x k 2 
c 
(1.162) 
(1.163) 
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where a and b are the lengths of the semi-major and minor axes 
respectively (see Fig. (1.4». In order to evaluate the integrals 
N and N of Equation (1.32). the parametric coordinates (Pt t) 
x y 
are introduced. These are defined by: 
x = a P cos t (1.164) 
y = b p sin t (1.165) 
and the ranges of these coordinates are 0 < P ~ 1 and,O < t ~ 2~ 
respectively. Hence in terms of (Pt t) 
E 
_ jWl1 b p2. sin 2t 
- a x k 2 
(1.166 ) 
c 
E = jWl1 G2a2. + b2 ) - b2 p2. _ 2a2 p2 C082 ~ Y k2 (1.167) C 
The exponential factor of Equation (1.32) can be put in the form 
where 
and 
ejk (x sin e cos ~ + y sin e sin ~) =~pu cos (t - X) 
x = tan- 1 (~tan ~) 
a 
(1.168) 
(1.169) 
(1.170) 
The Jacobian of transformation between the two sets of coordinates 
is 
J = a(x, y) = 
a{p, t) = abp (l.171) 
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Thus the surface integrals Nand N can be expressed in parametric 
x y 
coordinates as: 
N = ( 1 + r) jw~ a2 b2 II J2~ p2 sin 2t e jpu cos (t - X) pdpdt 
x k2 
coo 
(1.172) 
Ny = (1 + :~ jw~ ab r r' E2a2 + b 2 ) - b 2 .2 - 2a2 .2 C082 ~ 
coo 
e jpu cos (t - X) pdpdt (1.173) 
Using the series representation of the exponential factor in the 
integrand which is given by Equation (1.38) these double integrals 
can be evaluated in closed form. Hence after some tedious mani-
pulations 
N = Y 
2 2 J3 (u) 2n (1 + r) jw~ a b 
k 2 u 
c 
2n (1 + f) jw~ at t2 J 1 (u) k 2 u c 
a 2 J 3 (u) 
cos 2 ~ + 
u 
sin 2 X (1.174) 
+ 2 (a2 + b2) 
J 2 (u) 
u2 
(1.175) 
With these expressions in Equations (1.29) and (1.30), the far 
field components of the electric field are given by 
Ee kWlJ ab e-
jkr ~ + f- cos e + r (1 A e~ = - - cos .2. rk2 A c g g 
[r2 J~ (u) J 2 (U)} x + 2 (03.2 + b 2 ) sin ¢ 
u2 
a J 3 (u) {~ cos 2 X sin tj] (1.176 ) + u sin 2 X cos 
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-jkr ~A + cos e - r A- cos e~ E¢ = kWlJ ab e (- -
2 rk2 ). 
c 
g g 
[a2 J 1 (u) J 2 (U>J x + 2 (a2 + b2 ) cos 4> 
u u2 
... 
a J 3 (u) [~ cos 2 X cos 9 +}] (1.177) + sin 2 X sin 9 u 
Therefore in the ¢ = 0 plane where X = 0 and u = ka sin at it can 
be seen that Ee is zero and hence the radiation pattern in this 
plane is determined by 
J 2 (ka sin e) 
(ka sin e}2 
~ + cos e - r A (- -A- g 
(1.178) 
On the other hand in the 9 = ; plane where X = ; and u = kb sin e. 
E9 will be zero and the radiation pattern will be determined by: 
kWlJ ab e-jkr 
rk2 
c 
fa2 J~ (kb sin e) 
[ Ow sin e) 
~ + f- cos a + r (1 - 2. cos e;1 L g Ag J 
(1.179) 
1.3.8 The Directivity of the Wave Guide Operatine in the e~l Mode 
The directivity of an antenna is defined as 
D (e, 9) = 4n P (9 p p) Pt (l •. BO) 
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wher~ P (6, ¢) is the power radiated per unit solie angle in the 
direction (a, 9) and Pt is the total power radiated by the antenna. 
Usually only the maximum directivity is specified and. since, as 
will be seen, the radiation pattern of this mode consists of a main 
beam synmetrical about the axis of the guide with a maximum value on 
the axis, the maximum directivity is given by 
D = D (0, 0) 
max 
where 
= 4 1f P (0, 0) 
P
t 
Th6 total power radiated is given by 
Pt = ; Re f * (E x H ) ds 
aperture ap ap 
where * denotes complex conjugation. 
(1.181) 
(1.182) 
(1.183) 
In Section 1.3.1.1 it has been shown that for the eHll mode 
when ¢ = 0, Ee = O. Also since 
Equation (1.182) bec0mes 
From Equation (1.78) 
1f 
0, 0 = '2 
4;= 0 
2 
= IE I 
e e = 1T 0, 9 = '2 
(1.184) 
(1.185) 
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In elliptic cylinder coordinates 
P
t 
= Bmn (1 - Ir12) f~o f2n 
2Wll 
o o 
Hence from Equation (1.17) for the eHll mode 
Since 
o 
where 
(n. q )1 dn dtJ ell] 
Q) 
cer2 (n, q ) dn = - n I 
e 11 r=o 
Hence substituting these expressions for Pt and 1Eel2 into 
Equations (1.182) and (1.181) 
(1.186) 
(1.1B7) 
(1.198) 
(1.189) 
(1.190 ) 
~J 
(1.191) 
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D (0, 0) = 
CeZ1(t, ql) sinhZ ~ 
e 1 0 
(1 - Irl2 s 
(1.192) 
For a large waveguide 
h egll • 
= 1 (l.193a) 
A • 
• r = 0 (1.193b) 
. 
so that 
D(O, 0) (1.194) 
If however the approximate fields of Section 1.3.7 are used it can be 
seen from Equation (1.178) that 
(1.195) 
The total power radiated is 
e
S 11 ab I1 I2'J1' p = 1 E 12 + I E 12 pdp dt 
t 2w~ x Y 
o 0 
(l.196 ) 
where E and E are given by Equations (1.166) and (1.167) and r is 
x y 
assumed to be zero. The integrals involved in P can be evaluated 
t p 
. i ~ analytically in this case and after some man1pulat onsAis shown to 
be of the form 
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Thus from Equation (1.181) and assuming A/A ~ 1 
egll 
D(O,O) = 3 k2 ab (3a2 + b2 ) (5 Q2 + 2. b2.) 
Or in terms of 1 and e 
1.3.9 COmparison with Huller's Results 
(1.197) 
(1.198) 
(1.199) 
•• 7 The expressions derived by ~luller for the radiation patterns of 
the eHll mode in the principal planes are (in our notation): 
H-Plane (+ = 0 Plane): 
-jkr 
E = N ... e __ 
+ r 
(1.200) 
where N is a constant for a given waveguide and frequency of operation 
and 
(1.201) 
L, (0) = to Cel (t. eqll) cosh t {Jo (~) + J2 (ul ) 
+ ~2 (ul ) + J. (ul ~ [: eqll + 6~ e qu 2)} dt (1.202) 
U1 = k 1 cosh t sin e (1. 203) 
'IT E-Plane (~ = 2 Plane): 
where 
N e- jkr 
E3 = ----r--
o 
o 
ee' 1 
u2 = k 1 sinh ~ sin 0 
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sinh t {J (u) + J 022 
[~ eq~l] l 8 + 64 J d~ 
(u ) 
2 
(1.204) 
(1. 205) 
(1.206 ) 
(1.207) 
These are the final expressions from which MUller computed the radiation 
patterns • It will now be shown that these formulae constitute only the 
first two terms of those derived by the present author in Sections 1.3.1.1 
and 1. 3 .1. 2 • From the recurrence relations for the Bessel functions 
given by Equations (1.68) and (1.69) 
2 
J (u) - J (u) = 2 JI (u ) = -------
o 1 2 1 11k R. sinh ~ sin e 
2 
k 1 sinh t sin (3 
dJ1 (u ) 
1 
(1.208) 
(1.209) 
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2 
J (u 1) + J 2 (U1) = J (UI ) 0 k i cosh ~ sin 0 I 
(1.210) 
6 
J 2 (uI ) + J 4 (U I ) = J 3 (u l ) k i cosh t sin 0 
(1.211) 
Hence substituting these into Equations (1.201) and (1.202) give 
2 
k i sin u 
(1.212 ) 
Comparing Equation (1.200) with Equation (1.71) it can be seen that 
the factor correspondin~ to (L (e) + L (0» in our pattern formula ~ 1 2 
is I which is given by Equation (1.70). For the H mode (m = 1, y ll 
s = C1 = 0) 
- 2w I = ~~-:-~ y k i sin 0 
(1.213) 
where u1 is given by Equation (1.203). Taking only the r = 0 and r = 1 
terms 
- 2w 
= ':"'k-i=--s-:i-n-G~ 
(1.21~) 
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10 From McLachlan it has been shown that 
(1.215) 
(1.216) 
where C is a constant whose value depend on the normalisation scheme 
chosen for the Mathieu functions. If terms of 0 (0 3) and above 
e ·11 
are ignored in the A~l) expression and these coefficients are substituted 
into Equation (1.214) it can be seen that I is proportional to 
Yo,l 
(L l (0) + L2 (0». Hence the pattern formulae of Muller (Equation 
(1.200» corresponds (for q_ < 1) to only the first two terms of that 
e-ll 
derived by the author (Equation (1.70». In a similar manner applying 
the recurrence relationships to Equations (1.205) and (1.206) give 
.. (u2 ) (: eqll + :4 eq~ll} d~ J(o Ce' «(~ e qll) l J 1 (u ) - J 1 2 3 
2 0 
k R- sin D x / 
+ 
+ ~4 eq~J} I(o Ce l «(, eq11) { dJ1 ("2) dJ 3(u2 ) (~ eq1l d~ dt 
0 
d( 
By the method of partial integration this becomes 
2 L3 (a) + Lit CO) = ----
k R. sin e 
q ) {J1 (k ell 
(1.217) 
R. sinh ~0 sin 0) -
(1.218) 
Substituting this into Equation (1.204) and comparing it with Equation 
(l.7S) shows again that for q < 1 M~ler's formUla consist of the 
e 11 
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first two terms of that derived by the author. Moreover a closed form 
expression is obtained in the E-plane. The same degree of approxima-
tion in MUller's formulae for the principal plane patterns of the H 
o 11 
mode is also present. In order to avoid unnecessary duplication these 
will net be given here. Thus in effect Muller's pattern formulae are 
only applicable to the cases when eq l1 < 1 and oQll < 1 and the smaller 
these parameters are the more accurate they will be. Fig. (1.5) shows 
graphs of the variation of eqll and oqll with the eccentricity e of the 
waveguide. From these curves it can be seen that MUller's formulae 
would be applicable over a wider range of waveguide eccentricity for the 
HI mode than for the H mode. 
e 1 0 11 In fact for e greater than about 
0.7 results obtained using Muller's formulae for the H mode are not 
o 11 
expected to be very accurate. This value of eccentricity correspond to 
an aspect ratio (minor axis/major axis) of 0.714. As waveguides of 
aspect ratio around 0.3 are of particular interest the author's formulae 
will have to be used for such cases especially for the oH11 mode. 
Finally radiation patterns obtained by Muller are compared with those of 
the author in Fig. (1.6) for the eHll mode and Fig. (1.7) for the oH11 
mode. Taking the eHII mode first, it can be seen that there is quite 
a difference between the computed H-plane pattern of MUller and that of 
the author. This difference cannot be attributed to the approximate 
nature of H~ler's formulae as for the case considered (q = 0.47928) 
e 11 
the approximation is quite valid. From the work on the radiation pro-
perties of rectangular and circular waveguides it has been shown that the 
H-plane patterns of the dominant mode calculated using the aperture field 
method is always broader than the experimentally observed one below the 
3 dB point but is generally in good agreement down to this point. Thus 
the author believe that MUller's computed H-plane pattern is in error 
here since it is narrower than the experimental one throughout the whole 
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beam and the two Qre net in good agreement. This error could be due to 
the computing itself. Since these are the only patterns (both theoreti-
cal and eXI'erimental) obtained by Muller it is not possible to check 
this point properly. For the E-plane pattern there is virtually no 
difference between the two computed patterns and agreement with the 
experimental one is quite good. Referring now to the H mode patterns 
o 11 
in Fig. (1.7) it can be seen th3t for the H-plane the disagreement 
between the two computed patterns is very slight but in the E-plane 
the author's computed pattern is in much better ~greement with the ex-
perimental one. This could be due to the approximate nature of MUller's 
formulae as in this case ql is equal to unity. 
o 1 
As in the case of 
the eHIl mode the agreement between the theoretical H-plane pattern and 
the experimental one is not very good below the 3 dB pcint. This dif-
ference is again attributed to the inherent approximations of the 
aperture field methoc of calculating the theoretical p~tterns. 
1.3.10 Results and Conclusions 
The semifocal length £ and eccentricity e completely specify the 
geometry of any elliptical waveguide. Hence for various frequencies of 
operaticn the radiation patterns of a particular mode will depend on 
the ratio (t/A) and on the eccentricity e. The p~ttern quantities of 
particular interest in this study are the half-power beamwidths and the 
side-lobe levels. Figs. (1.8) to (1.11) show a series of computed E 
and H plane patterns for the HI mode of operation. 
e 1 The range of 
aspect ratio considered varies from 0.3 to 0.8 in steps of 0.1. In fact 
these patterns are obtained by keeping the major axis constant (a = 4 cm) 
and varying the value of the minor axis. For each value of aspect 
ratio so obtained the frequency of operation is varied from 7 GHz to 14 
GHz. A study of these patterns revea~the following conclusions: 
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(1) For a given waveguide the 3 dB beamwidth in both planes IS frequency 
dependent and decreases monotonically with increase in frequency. 
(2) For a fixe1 value of major axis and frequency the H-plane patterns 
(and hence the 3 dB beamwidths) do not change significantly with 
varying minor axis whereas the E-plane beamwidth decreases with in-
creasing minor axis. 
(3) For small aspect ratios the beam is sharper in the H-plane than 
in the E-plane. As the aspect ratio is increased gradually there 
is a point (aspect ratio -0.8) when the 3 dB beamwidths in both 
planes are equal. Further increase of aspect ratio beyond this 
point results in a sharper E-plane pattern as compared with the 
H-plane pattern. Thus beamwidth control can be obtained by 
changing the aspect ratio of the waveguide. 
(4) The side-lobe levels in the H-plane do not vary significantly with 
aspect ratio. 
(5) The first side-lobe levels in the E-plane also do not change 
significantly when the aspect ratiu is altered provided these lobes 
() 
appear within the range 0 ~ a < 60 • Outside this range the 
aperture field method of obtaining these patterns may not be very 
accurate and results are not adequately predictable. 
(6) E-plane side-lobes (approxirnately~7 dB) are always higher than 
H-plane side-lob.as (approximately -32 dB). 
(7) When a circular waveguide operating in the H mode at a particular 
e 11 
frequency is squashed progressively into an elliptical guide, the 
H-plane beamwidth decreases while the E-plane beamwidth increases. 
The side-lobe levels in both planes are not changed significantly 
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by this process. This conclusion has been confirmed by a series 
of patterns obtained under such circumstances. These patterns are 
not presented here since these effects can be deduced from those 
already shown. 
A similar series of patterns for the H mode is shown in Figs. 
o 11 
(1.12) to (l.l~). The values of the various parameters used are the 
same as for the H mode. 
e 11 
The following conclusions can be drawn for 
this mode of operation. 
(1) As in the case cf the H mode the half power beamwidths in both 
e 11 
planes are frequency dependent and decrease with increasing fre-
quency. 
(2) For a fixeJ value of major axis and frequency the beamwidths in both 
planes decrease with increase in minor axis. For the H-plane 
patterns this property is to be expected since the physical aperture 
in this plane is increased by this process hence resulting in a 
sharper beam. The reason for the decrease in E-plane beamwidth can 
be explained by the tapered aperture field distribution in this 
plane. The field tapering is more pronounced in small aspect 
ratio ellipses. As is well known field tapering reduces the 
effective area of a radiating aperture resulting in a broader 
main beam. Increasing the minor axis (i.e. aspect ratio) reduces 
the tapering and hence consequently sharpens the beam. 
(3) The beam is always sharper in the E-plane than in the H-plane. 
(~) The E-plane pattern side-lobes increase with increasing aspect ratio. 
For an aspect ratio of 0.3 the first side-lobe is approximately 
-40 dD. This increases to about -18.5 dB when the aspect ratio 
is 0.8. The low side-lobes observe~ for small aspect ratios Qr~ 
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another consequence of the more pronounced field tapering in such 
cases. 
(5) The H-plane side-lobes do not change significantly with aspect 
ratio if they appear within the range 0 ~ 0 < 600 • The first side-
lobe is on average around -20 dB. Thus with this mode of operation 
it is possible to obtain patterns with comparatively low side-lobes 
in both principal planes by varying the aspect ratio. 
Finally computed radiation patterns of the eHll mode using the 
approximate waveguide fields of Kihara 9 are compared with those obtained 
using the exact field expressions for three values of aspect ratio. 
These are shown in Fig. (1.15). It can be seen that there is ex-
cellent agreement between the computed patterns in both planes at least 
within the range of aspect ratio considered here (0.3 to 0.8). Thus 
the much simpler pattern formulae of Section 1.3.7 can be used to obtain 
radiation patterns for this mode. 
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CHAPTER 2 
Tapered Elliptical Waveguides 
2.1 INTRODUCTION 
This Chapter consists of a summary of the work done by the 
author in an attempt to obtain approximate solutions for the electro-
magnetic fields inside an elliptic cone which are sufficiently 
accurate for use in radiation pattern calculations. The method of 
approach adopted in this study is by the use of the Generalised 
Telegraphist's equations which were first introduced by Schelkunoffl ,2 
for investigations concerning non-uniform waveguides. In this con-
text this approach treats the elliptic cone as a general non-uniform 
waveguide of elliptic cross-section (the non-uniformity being the 
tapering in this case) and conside~wave propagation in the cone as 
a series of coupled modes of the equivalent uniform elliptical wave-
guide. This is because the modal wavefunctions of the uniform 
elliptical waveguide which together form a complete orthogonal set 
of functions are used as the basis (or characteristic) functions 
for field expansion at any cross-section of the cone. The tapering 
of the cone which constitutes a perturbation of the surface of the 
waveguide from its uniform state introduces coupling between the 
uniform waveguide modes. Thus this method will theoretically lead 
to aperture fields of a finite length elliptic cone which are given 
by a combination of the fields of several uniform waveguide modes, 
the relative amplitudes and phases of which are solutions of the 
Telegraphist's equations. In a physical sense this problem re-
duces to one concerning mode conversion in tapered elliptical wave-
guides because the continuous coupling between the modes along the 
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taper causes an interchange of energy between the modes. The 
principal reason for using the Telegraphist's equations approach 
to the problem has already been mentioned in the main introduction 
of the thesis but it is also motivated by the work of Levinson and 
Rubinstein3 who obtained reasonably accurate radiation patterns of 
a horn of rectangular cross-section (using uniform rectangular 
waveguide radiation patterns) by experimentally measuring the 
amplitudes and phases of the rectangular waveguide modes at its 
aperture instead of calculating them from the Telegraphist's 
equations. The experimental process used is however very elab-
orate even for the rectangular waveguide case. Synthesising 
radiation patterns of a horn using the radiation patterns of the 
uniform waveguide of similar cross-sectional shape had also been 
456 investigated by other researchers ' , • 
The reason why this is only summarised is because this approach 
is not conclusive towards the aim of the project as a whole. This 
is due to the difficulty of obtaining reasonably accurate solutions 
for the Telegraphist's under the specifications of the problem which 
excludes the use of some further approximations commonly used in 
studying the properties of non-uniform waveguides. However, some 
of the equations derived would be of use in a study of the mode-
conversion problem in particular types of overmoded tapered ellip-
tical waveguides of small flare angle with these further approxi-
mations and if developed further will supplement the work of 
7 8 9 10 Tang , , and Iiguchi and Ishihara who have all investigated the 
mode-conversion in rectangular and circular cross-sectional tapered 
waveguides. It is for this reason that this summary is included 
in the thesis. 
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2.2 PRELIMINARY DISCUSSION ON NON-UNIFORM WAVEGUIDES 
The subject of non-uniform waveguides has a very extensive 
literature and has been a topic of constant research activity 
since the early fifties. It includes some aspect of the subject 
of mode conversion and reconversion phenomena in multimode wave-
guides used for long distance trunk waveguide communication 
(Karbowiakll , Reiterl2 ), the theory of bendsl3tl~, the design 
of waveguide tapers for impedance matchingl5 ,l6, for use as high 
pass filtersl7 and also as tapered delay line phase equalisersl8 • 
In most cases the non-uniform guide is assumed to be overmoded 
(i.e. the modes that are taken into consideration are above cut-
off throughout the length of the guide) and investigation is 
via the use of the Telegraphist's equations. The study of tapered 
waveguides IS also confined to those of small flare angle so that 
approximations can be made in solving the Telegraphist's equations. 
However there ;s some literature especially of Russian origin 
(e.g. Savvinykh et all9 ) where perturbation techniques were used 
but these will not be considered because they are difficult to 
apply in practice when the waveguide cross-sectional geometry is 
a complex one. Among the early contributions is the work of 
20 hal.' h • f 'd' fu . Stevenson w 0 so us~ng t e un~ arm wavegu~ e c1gen nct~ons 
expansion technique derived an approximate general Solution for 
the fields inside a electromagnetic horn (considered as a non-
uniform waveguide) of arbitrary cross-sectional shape. In most 
aspects Stevenson's analysis is similar to the Telegraphist's 
equations approach but it is rather complicated in derivation and 
approximations have been used more liberally. In essence 
Stevenson derived an infinite set of coupled second order orJinary 
differential equations (the Telegraphist's equations are first 
order coupled differential equations) whose solutions are the complex 
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magnitudes of the various uniform waveguide modes (i.e. modes of 
a uniform waveguide of the same cross-sectional shape as the horn) 
that can exist inside the horn. An approximate general solution 
of these coupled equations using the W.K.B. method was also given. 
The limitations of the theory are that it is only applicable to 
small flare-angle horns which do not have a discontinuity in slope 
in its longitudinal direction. Thus in a strict sense, if a horn 
of linear taper is fed by a uniform waveguide (which is the case 
considered in this project) the waveguide-horn junction will con-
stitute a discontinuity in slope and the general field expressions 
derived by Stevenson will have to be modified to take into account 
the mode conversion due to the junction. As will be seen both 
the limitation to small flare-angle horns and the junction problem 
also apply to the Telegraphist's equations approach and it is the 
difficulty of solving the latter that prevented a useful practical 
conclusion to be reached as far as the project is concerned. How-
ever because the Telegraphist's equations are easier to understand 
(as well as giving a physical picture more in accord with modern 
waveguide theory) it was adopted for this investigation. 
2.3 THE GENERALISED TELEGRAPHIST'S EQUATIONS 
The principle behind the conversion of Maxwell's equations into 
the Generalised Telegraphist's equations lies in the fact that the 
modal wavefunctions of a uniform waveguide constitutes a complete 
orthogonal set of eigenfunctions. Thus the field at any cross-
section of a tapered waveguide of similar cross-sectional shape 
can be expanded as a series of these eigenfunctions. This can be 
expressed mathematically as 
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Go (I) 
f.t = L V{p) (z) !.(p) + ~ V[p] (z) !:o[p] I. p=l p=l (2.1) 
CIO (I) 
~ = r I{p) (z) hep ) + r I[p] (z) hlp] p=l p=l (2.2) 
where ~P)' .hcPJ and ~[p]' .h[pJ are the pairs of E and H ma<!e 
vector functions respectively of the uniform waveguide. They are 
in general functions of (x,y,z) because of the expanding boundary 
in the z or longituJinal direction and are obtained from the E and 
H mode scalar wavefunction ~(p) and ~[p] by the relations 
(2.3) 
,. 
!:o[p] = lz x Vt ~[p] 
(2.5) 
(Note: When the p~nthesis are omitted from the subscripts it 
means that the relation is applicable to both the E and H modes.) 
These mode vector functions possess the orthogonality properties 
f f .!:.i • !.j dS = 6ij 
(2.6) 
II.2.(i) · '![j] dS = 0 
where the integration is over the guide cross-section. The co-
efficients of the series V and I which are functions of z only p p 
are the equivalent voltages and currents of the pth mode re-
spectively. Maxwell's equations in charge-free space and 
assuming harmonic time dependence can be stated in transverse and 
21 longitudinal component form as : 
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(2.7) 
a!!t ,. 
+.J:- ... 
--
jw£ (1 X Et) Vt Vt (1 x ~) (2.8) az z JWU z 
,. 
jW\l H = Vt • <lz x ~) (2.9) z 
,. 
jw£ E = Vt • (!!t xl) (2.10) z z 
A tapered waveguide of general flare angle is shown schematic-
ally in Fig. (2.1). The cross-sectional shape is shown as elliptical 
in particular. If the interior of any cross-section is denoted by S 
and its boundary by C, these two quantities will be a function of z. 
The taper angle e at any point on the guide is defined as the angle 
,. 
between the normal to the guide surface n1 and the normal to the 
... 
cross-section n and it will be a function of position along C as 
well as z unless the taper profile is linear in which case it will 
be independent of z. From this figure it can be seen that the 
boundary condition requiring all electric field components tangential 
to the surface of the taper to be zero can be expressed mathematically 
as 
E
z 
= - tan 9 ~ • n (2.11) 
It is from Equations (2.1)-(2.11) that the Generalised Telegraphist's 
equations for a tapered waveguide are derived after an extensive 
analysis (Iiguchi22>. They can be stated as: 
(2.12) 
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(a) 
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FIG. (2.1) ELLIPTICAL vlAVEGUIDE \'lITH VARYING 
CROSS-SECTION. 
(a) Cross-sectional view. 
(b) General view. 
~ 
- --- ~ 
where 
dI[i] = 
dz 
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ae. 
Tpi = II -1. dS 2p • az 
s(z) 
222 Y = k . - k i Cl. 
Y(i) 
Z =-(i) jw£ 
The coefficients T . are known as the coupling coefficients. pl. 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.19) 
(2.19) 
In 
eeneral there are also terms involving the coupling coefficients 
T(p)[i] and T(i)[p] but if the non-uniformity of the guide is due to 
tapering alone these coefficients can be shown to be zero. Thus 
coupling from an H mode to an E mode is of the voltage type only 
and from the E mode to an H mode of the current type only. In 
physical terms the Telegraphist's equations can be considered as a 
set of coupled non-uniform transmission line equations, each trans-
mission line representing a mode of the waveguide. The solution of 
these equations will determine the unknown voltages and currents 
Vi and Ii and henco the electromagnetic field components (by means 
of Equations (2.1), (2.2), (2.9) and (2.10» inside the tapered wave-
guide. 
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2.4 METHODS OF APPROXIMATE SOLUTIONS OF THE TELEGRAPHIST'S EQUATIONS 
Since an exact solution of an infinite system of coupled dif-
ferential equations is obviously not possible several different methods 
of approximate solutions have been used by various researchers in the 
past. The most frequently useu method is to replace the equivalent 
voltages and currents by their forward and backward travelling wave 
counterparts using the relationships 
v. = z.i (A~ + A:) ]. ]. ]. ]. 
(2.20) 
1. -i + -= Z. (Ai" A.) ]. ]. J. 
Substituting these expressions into Equations (2.12)-(2.15) gives 
what are generally known as the covpled-mode equations. 
dA~ 
---2:. = - Yi A ~ - i -dd (in Z.) A: + r S: A + + S. A dz l'Z 1 1 P J.p P J.p P (2.21) 
(2.22) 
(2.23) 
At this point approximations are generally introduced. In soma cases 
the reflected waves are ignored and a two or three forward wave system 
is then considered. The resultant forward wave equations can be put 
in matrix form. These equations are then transformed into a system of 
coupled integral equations and a solution obtained by an iterative 
process. Convergence of the iterative process however depends very 
strongly on the magnitudes of the coupling coefficients and in order 
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to speed up convergence a non-linear matrix transformation7 is first 
applied to the coupled-mode equations to reduce the magnitude of the 
coupling coefficients. A disadvantage of this rather involv~l trans-
formation process is that it is not very practical if more than a 
two or three wave system is to be considered. Other methods of 
solving the coupled-mode equations have been proposed by Solymar23 
In both these cases a two wave system is considered 
at a time (i.e. either a forward and backward wave of the same mode 
or two forward waves). The limitations of these methods are that 
they are not applicable to a system where the converted modes are 
evanescent in part of the tapered guide. In fact most of the work 
on non-uniform waveguide tapers so far has been confined to the 
case when the converted modes considered are above cut-off every-
where inside the taper and thus in such cases the reflected waves 
can be ignored especially when the taper angle is small. In a 
taper where the converted modes are below cut-off in some region of 
the guide (as it would be in the case of this project) multiple 
scattering occurs and the assumption that the reflected waves can 
be ignored is not valid. Tapered guides of rectangular and circular 
cross-sections in which the converted mode is evanescent in part of 
• 2q 25 the guide have been considered by Babar and Cra1n and Tang The 
former's analysis is based on the solutions derived by Solymar23 and 
the authors were able to obtain reasonably accurate results for the 
amplitudes of the modes but not for their phases. One possible 
reason for the inaccuracy in the phase calculations may be due to 
ignoring the reflected waves of the modes. Tang's paper involved 
a rigorous numerical solution of the Telegraphist's equations 
(Equations (2.12)-(2.15) with two modes) which means that both for-
ward and backward waves were taken into account. The solution is 
by the integral equation - iterative process. However the results 
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obtained by the author violate the principle of conservation of energy 
when the converted mode is below cut-off for some region of the taper 
although the numerical procedure yields good results when this is not 
so. A suggested reason for the failure of the numerical procedure 
to cope with a partially evanescent mode is that the formulation of 
the problem via the Telegraphist's equations is inherently approxi-
mate. This may not be valid since such an effect is not observed by 
Bahar and Crain. Recent work on linear waveguide tapers of rec-
tangular and circular cross-sections by Iiguchi and IsiharalO hQS 
revealed yet another approximate methcd of solving the Telegraphist's 
equations. Although the full implications of the paper (written in 
Ja~anese) is not known owing to the non-availability of a trans-
lation it can be deduced that the method can be applied to cut-off 
modes. Hence this method of solution has been adopted for this in-
vestigation. 
2.5 APPROXIMATE SOLUTION OF THE TELEGRAPHIST'S EQUATIONS FOR A 
TAPERED ELLIPTICAL WAVEGUIDE 
Let the uniform waveguide of Fig. (2.1) be a dominant mode 
(H mode) elliptical waveguide and the taper section a linearly 
e 11 
tapered elliptical waveguide (i.e. a straight-sided elliptic cone). 
With the HI mode as the launching mode the possible converted modes 
e 1 
are the H and E1 modes. The first to be converted is the E 
e In 0 noll 
mode and for simplicity of illustration only a two mode system will 
be presented (i.e. eH11 and oE11 modes). These two modes are the 
elliptic guide equivalent of the Hll and Ell modes of the circular 
waveguide which are the ones usually considered in circUlar tapers. 
For this two mode system the Telegraphist's equations are given by 
~ = Q I + Q2 V dz 1 (2.24) 
- B8 -
(2.25) 
(2.26) 
!!!.=p V-p I 
dz 3 2 (2.27 ) 
where for the case considered here 
. . , , 
Q
3 -
y2 
; P l = -r . - oor- , JW}1 Jwe: 
c 
P2 = £<!) tan aR, i P = - jwe: ; 3 (2.28) 
c 3 
51 = nzr tan e R, . , 
y2 
-
4eqll 
- W2 ll£ 
R,2(z) 
r = 40
Qll 
- W21J£ 
t 2(z) 
In these expressions c l - c 3 are constants, R,(z) is the semi-focal 
length and at is the half angle subtended by the focal line at the 
apex of the tapered guide or cone. The barred quantities refer to 
the E mode and the propagation coefficients are obtained by using 
o 11 
Equation (1.26). The expressions for the coupling coefficients 
are derived in Appendix (1). The principle behind the method of 
solution is to ignore. as a first approximation, the coupling term 
SlY from the equations governing the launching mode. Then from 
Equations (2.24) and (2.25) the following homogeneous differential 
equation for V is obtained 
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[
d
Q2 + Q Q + Q 2] V = 0 
dz 1 3 2 
(2.29) 
Another equation for I can also be derived but only one of these need 
to be solved. In this case if a solution for V is found the current 
I can be obtained from V by Equation (2.24). 
Q1 Q3 = y2 
c 2 
Q 2 = 1 tan2 e 
2 t 2(Z) ~ 
dQ2 C1 tan
2 e~ 
-= ------
Substituting these into Equation (2.29) eives 
~ _ 1 i (c _ 1) + y2 V = 0 2 [tan
2 
e j 
dz2 t 2(z) 1 
From Equation (2.28) 
(2.30) 
(2.31) 
To solve this equation a change of independent variable is first 
introduced. Let 
(2.32) 
Therefore 
y2 = :;2 ~/~ (2.33) 
and Equation (2.31) becomes 
:: _{ Cl(C~2-1) _.2 [p2p~ lJ} V = 0 (2.34) 
where 
T = 
2~ 
(2.35) 
tan at 
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A change of dependent variable is next introduced as 
(2.36) 
This transforms Equation (2.34) into the standard Bessel function 
differential equation 
where 
d2F + _1 _dF + [2 V2] T - -p2 F = 0 dp2 P dp 
v2 = c (c - 1) + T2 
1 1 
1 
+-4 
whose general solution is given by 
F = AJ (Tp) + B Y (Tp) 
v v 
or 
(2.38) 
(2.39) 
where At Bt C and D are constants. From Equations (2.36) and (2.40) 
v = c IP H(l) (Tp) + D .fP H(2) (Tp) 
v v (2.41) 
Using Equation (2.24) the current I can now be obtained from this ex-
pression for V and it can be shown after some manipulations that 
I = J. tan aR, foE: E IP H(ll) (tp) + D IP H(2l) (TP~ I I ~ v- v-tan aR, (2.42) 
where 
M(l) (Tp) H(l) (tp) + (! - v) H~l) (tp) = - c v-1 v-l 1 TP 
(2.43) 
M(2) (Tp) H(2) (Tp) + (! - c 1 - v) 
H~2) (tp) 
= v-1 v-1 TP 
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It must be emphasiseti that since p is a function of z, these ex-
press ions for V and I are functions of z. In fact for a linear 
taper and if the origin of z is taken at the apex of the taper or 
cone (see Fig. (2.1» it can be seen from Equations (2.32) anti 
(2.35) that 
p = [11' tan e 1J z 
Jeqll ). (2.44) 
TP = kz 
With these expressions for V and I the converted mode voltage (V) 
and current (I) can be obtained by first expressing Equations (2.26) 
and (2.27) as second order inhomogeneous differential equations. 
Again only one of these equations is needed and in this case the 
equation for Y is used since it can be shown (by differentiating 
Equation (2.27) and substitution from Equation (2.26»)after 
simplification that it becomes 
(2.45) 
with 
PI P3 =? (2.46) 
jl.l)£ c3 tan at Pg 51 = 
t(z) 
With the change of independent variable 
'If t(z) 0>' cll 
p= =---
.Joqll 'A >. 
(2.47) 
Equation (2.45) becomes 
(2.48) 
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where 
T = (2.49) 
Now with a change of uependent variable 
(2.50) 
Equation (2.48) is transformed into the inhomogeneous Bessel functions 
differential equation 
where 
The solution of the homogeneous equation is 
F = A J (T' p) + i Y_ 
,., v \) (T'p) (2.53) 
The particular integral can be obtained by the method of variation of 
parameters and it can be shown that it is given by 
where 
F p.I 
'7f 
= - - J 
2 v-l 
11 Y (T' p) 
2 -\) 
(T'p) Ip s Y (:r s) f(s) ds + 
Ip 
o 
-\) 
o 
s J_ (T' s) f (s) ds 
\) 
f(s) = - j T l c g S:'2 
is the inhomogeneous term. 
(2.54) 
(2.55) 
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Thus the general solution of Y is 
J_ (T' p) t+ n-~ r V ~ j - '[ - C y_ (T" s) :r + \I 2 1J 3 \I S r=~ 0 (2.56) 
y_ (T" p) ~- j n-J r - V Jj - '[ - c J ('[ s) si \I 2 1J 3 \I 
0 
With this expression for r, a solution for V is obtained from Equation 
(2.27) as 
E (T'p) t+ j n-J€ t y_ (, s) v" dj - '[ - C v-l 2 1J 3 \I S2 
tan 61 J¥.F 0 v= j 
Itan 9,,1 £ 
E-
-J (T' s) V dj F (T'p) j n-~ fP \I - T - c3 
si v-l 2 }J 
0 
(2.57 ) 
where 
J_ (T' p) 
E (T"p) J (T" p) + H 
- \I + c21 
\I 
= 
\1-1 ~-l T P 
Y_ (T" p) (2.58 ) 
F (T'p) y (T' p) + U - \I + c2l \I = 
v-l v-l '[ p 
The expressicn for V in the integrands is given by Equation (2.41). 
These solutions for themode voltages and currents of the two modes 
(eHll and oEll) considered are merely first approximations. A 
second approximation can be obtained by reconsidering Equations (2.24) 
and (2.25) with the coupling term Sl1 as an inhomogeneous term 
(where r is given by Equation (2.Sb» and then repeating the whole 
process. However, it is obvious that the resultant expressions 
would be rather involved and hence they will not be dealt with. 
+ 
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Instead the difficulties of obtaining a specific solution for the 
problem in hand will now be discusseu. The solutions that have 
been derive~ contain the unknown constants C, D, A and B that have 
to be determined for a given taper or horn. The values of these 
constants can be obtaineJ by considering the initial conditions at 
the junction between the uniform waveguide and the taper. In most 
of the work 0n tapered waveguides conducted by other authors it had 
been assumed that the taper is smoothly flaring from the uniform 
feeding guide (i.e. there is no slope discontinuity at the guide-
horn junction). In such a case it is reasonable to assume the 
following initial conditions at the junction (see Tang25 ) 
v (zo) = V 0 
I (z ) = I 0 0 
(2.59) 
V (zo) = 0 
y (z ) = 0 0 
where Zo defines the plane of the junction (Fig. (2.1». If the 
coupled mode equations of Equation (2.21) are used the initial con-
ditions in such circumstances are 
A+ (z ) = A 
o 0 
-+ A (z ) = 0 
o 
(2.60) 
+ -+ 
where A and A are the forward waves of the launching mode and 
spurious mode respectively and the backward waves have been ignored. 
However, in the present project when the uniform elliptical waveguide 
is feeding a linearly tapered elliptical horn there is a slope dis-
continuity at the junction plane and these initial conditions do not 
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strictly apply. This is because of the mode conversion due to 
this junction discontinuity itself. Therefore in order to get 
realistic initial conditions for this case one has to solve this 
mode conversion problem. Such j unct ion problems are in general very 
difficult to deal with in practice. Rice26 had considered the junction 
of a uniform rectangular waveguide and one flared along one of its 
four sides using a conformal mapping technique but a more modern 
approach is to use geometrical diffraction theory27. However, be-
cause of the more complex geometry of the elliptical guide it would 
be very difficult to apply these methods here and hence the junction 
problem is not solved. This then is the main obstacle to obtaining 
useful numerical results for the electromagnetic fields inside an 
elliptic cone using the Telegraphist's equations approach. If the 
elliptic cone is assumed to be smoothly flaring from the uniform 
elliptical waveguide then the initial conditions of Equation (2.59) 
can be used to obtain values of the unknown constants C, D, A and B 
thus giving specific solutions to V, I, V and Y. Such a case, 
being not of immediate interest nos not been considered. 
2.6 FOOTNOTE 
During the course of preparing this thesis it has been brought 
to the author's notice that Marincic28 had investigated the radiation 
properties of sectoral horns fitted with channel sections using 
Stevenson's theory. However, only the first order approximation 
theory was used which means that the dominant mode alone is con-
sidered and the coupling to the other modes is ignored. This is 
equivalent in our case to ignoring V and Y and using Equations (2.~l) 
and (2.~2) as the mode voltage and current respectively of the H 
e 11 
mode. Under these conditions the aperture field distribution of 
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the horn would be the same as that of a uniform waveguide whose cross-
section is equal to that of the horn aperture. For small flare 
angles, Marincic's computed patterns agree quite well with experi-
mental results as regards half-power beamwidths. 
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CHAPTER 3 
The Propagation Characteristics of the Elliptic Cone: 
An Exact Analysis 
3.1 INTRODUCTION 
In this Chapter an exact analysis of the electromagnetic fields 
inside an elliptical cone of infinite conductivity and length is 
presented. To date~ a study of electromagnetic wave propagation 
in an elliptical cone has not been performed, although Kraus and 
Levinel had briefly considered the problem of diffraction by such 
a cone. This present analysis is possible because of the existence 
of an orthogonal curvilinear coordinate system known as the sphero-
conal system in which one set of the coordinate surfaces is a 
family of confocal cones of elliptical cross-section anyone of 
which can define a physical cone. Once again it will be shown 
that, as in the case of the uniform elliptical waveguides, the waves 
inside the cone can be classified into four classes viz. the even 
and odd Transverse-Electric (or H) and Transverse-Magnetic (or E) 
waves. In this case however the word 'transverse' denotes 'trans-
verse to the radial direction'. Thus again only two scalar wave-
functions are sufficient to describe the electromagnetic fields in-
side the cone and each of these has an even and odd type. The 
transmission properties of the waves will also be discussed and some 
sketches of modal patterns given. As will be seen, the theory will 
involve the complicated Lame functions - both the Simply-periodic 
and non-periodic types. Available knowledge of the properties 
of the simply-periodic L~ functions which are relevant to the 
problem will be described. However, no published investigations 
to date have been carried out on the non-periodic Lame functions 
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and hence numerical methods will be used for a quantitative study 
of their behaviour. 
3.2 THE COORDINATE SYSTEM 
The sphero-conal system is the least known of the eleven 
systems of Eisenhart for which the scalar wave equation is separa-
ble. There are several ways in which it can be described mathe-
matically. Among these are: 
(i) 2 The Algebraic Form 
This is perhaps the most common form and is quoted in 
Korn & 3 
some handbooks (e.g.~Korn). In this form the sphero-conal co-
ordinates (r, ~. v) are related to the cartesian coordinates 
(x, y, z) by 
(3.1) 
where band c are fixed numbers and the ranges of the coordinates 
are such that 0 ~ r ~ ~. 0 ~ v2 ~ b2, b2 ~ ~2 ~ cfand c > b > O. 
From this set of defining equations it is not too difficult to 
show that the equations governing the coordinate surfaces are 
given by 
r2 = x2 + y2 + z2 (3.2) 
x2 y2 z2 0 -+ = 
11 2 11 2 - b 2 c 2 - 11 2 
(3.3) 
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Z2 
----- = 0 
C 2 - V 2 
Hence the surfaces of constant r are a f3mily of concentric spheres 
centred at the origin, the surfaces of constant ~ define the set of 
confocal two-napped elliptic cones along the z axis and those of 
constant v is also a family of confocal two-napped elliptic cones 
but along the x axis. It can be preved that these three sets of 
coordinate surfaces intersect orthogonally. One disadvantage 
of using this form of the sphere-conal coordinate system in any 
physical problem is obviously its clumsiness in any mathematical 
manipulations and another is that since r, ~, v depend only on x2, 
y2, z2 they are the same for the eight points (±x, ±y, ±z) and hence 
a one-to-one correspondence between (r, ~, v) and (x, y, z) is not 
achieved. This will complicate the physical visualisation of the 
system in terms of its various parameters. Hence this form of 
the system is not used in the present problem. 
(ii) The Elliptic-Functional Form 4 , 5 
The elliptic-functional form of the coordinate system can it-
self be described in several ways. The most commonly quoted form 
of the system d~fined by coordinates (r, ~, n) is related to the 
cartesian system by: 
x = kr s n (t, k) sn (n, k) 
Y = (kikk) tT r cn (t, k) cn (n, k) (3.5) 
z = (f.-) r dn (t, k) dn (n, k) 
with 
o < r < CD, - 2K < t <2K, 
K ~ n <K i' 2jK' 
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where sn (~, k), etc. are the Jacobian elliptic functions, k and 
k' being the modulus and complementary modulus respectively and K 
and K' are the elliptic integrals corresponding to k and k' respect-
ively. Again it is not difficult to show that the three sets of 
coordinate surfaces are described by 
r2 = x2 + y2 + z2 (3.6) 
x2 1,2 z2k2 
= 0 (3.7) 
sn2 (~, k) cn2 (~, k) dn2 (~, k) 
x2 1,2 z2 k2 
= 0 (3.8) 
sn2 (n. k) cn2 (n, k) dn2 (n, k) 
Hence r = constant defines the concentric spheres, ~ = constant the 
family of confocal elliptic cones along the x axis and n = constant 
the family of confocal elliptic cones along the z axis. In this 
case a one-to-one correspondence between (r, ~. n) and (x, y. z) is 
obtained. Before the trigonom~tric form (to be described next) of 
the sphero-conal system came to the author's notice, this version 
of the coordinate system was used to solve the eigenvalue problem 
of the elliptic cone and indeed expressions for the electromagnetic 
fields inside the cone were first derived with this system. How-
ever, for a quantitative study of the propagation and radiation 
properties of the elliptic cone, the trigonometric form is more 
suitable firstly for its simple physical interpretation of its 
various parameters and secondly for its ease of computation since 
the elliptic functions will not be involved. Hence the problem 
had been recast in the trigonometric form of the coordinate 
system. 
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(iii) The Trigonometric Form 
This is the least known form of the sphero-conal system and 
apart from the work of Kraus6 who derived it and that of Kraus and 
Levinel , it is believed that this version of the coordinate system 
has not been quoted elsewhere. In fact it is a 'uniformized' version 
of the algebraic form and was first used by Kraus in connection 
with his investigations of the diffraction properties of sectoral 
plates. In this form the coordinates defined as (r, a, a) are 
related to the cartesian system by 
, 
x = r cos a (1 - X'2 cos2 B)~ 
y = r sin a sin B 
where the positive squ~re roots are assumed and the ranges of r, a 
and 8 are given by 
o < r <~. 0 < a < ~ and 0 < e < 2~ 
and 
X is a parameter in the range 0 < X < 1 
with 
A detail formal derivation of this trigonometric form from the 
algebraic form is given by Kraus6 and is rather inVOlved but 
(3.9a) 
briefly it can be seen,by comparing the two sets of defining equations, 
that Equation (3.9) is obtained from Equation (3.1) by the sub-
stitutions 
\I = b cos a 
b 
X - -c 
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(3.10) 
From Equation (3.9) the following equations for the coordinate sur-
faces ar~ obtained: 
(3.11) 
y2 z2 X2 x 2 
+ = 
sin2 a 1 - X2 cos2 a cos2 a 
(3.12) 
X· 2 x 2 y2 z2 + = 
1 - X,2 cos2 8 sin2 a cos 2 B 
(3.13) 
Hence for 0 < X < 1 and a = a Equation (3.12) defines an elliptic 
o 
cone along the x axis whose cross-section at a distance x = xl is 
given by 
y2 z2 
1 (3.14) + = 
x 2 tan2 a x 2 I 0 1 (1 - X2 cos2 a ) 
X2 cos2 0 a 
0 
This equation shows that the major axis of the cone a = a lies in 
o 
the y = 0 plane and the various geometrical parameters of the cone 
are: 
Xl 
Semi-major axis,a = --------
X cos a 
o 
Semi-minor axis,b = Xl tan a
o 
(3.15) 
(3.16 ) 
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x' x 1 Semi-interfocal distance, t = --------
Eccentrici ty , X' 
e = ----------~-----
(1 - X2 cos2 a )! 
o 
(3.17) 
(3.18) 
From Equation (3.16) it can now be seen that a has the simple physical 
o 
interpretation as the angle between the generatrix through the end of 
the minor axis of any cross-section of the cone and the positive x 
axis. If £ denotes the semi-angle subtended at the vertex of the 
cone by the interfocal line then (from t = ae) it can be deduced 
that 
1 
X = --------------------
(1 + tan2 £ cos2 a )i 
o 
(3.19) 
Similarly for 0 < X < 1 Equation (3.13) is the equation for the sur-
face of an elliptic cone along the z axis but because of the extended 
range of 8 (i.e. up to 2w) the surface 8 = 80 only denotes a semi-
cone. This is necessary for a one-to-one correspondence with the 
cartesian system (see Kraus6). The ang~e Bo has the same physical 
interpretation as a but is measured with respect to the positive 
o 
z axis. The semi-cone lies above the y = 0 plane if 0 < 8 < wand 
below the plane if w < 8 < 2w. The geometrical parameters of the 
semi-cone B have the same expressions as those of Equations (3.15) 
o 
to (3.18) but with xl,ao ' X and X' replaced by zl,Bot X' and X re-
spectively. Krauso had also discussed the degenerate surfaces of 
the coordinate system and in order to avoid repeating him only a 
summary is given as follows: 
(i) When X = 1 (X' = 0) the cone a becomes a ~ircular cone and o 
the semi-cone 8 becomes a half plane. 
o Hence the sphero-
conal system reduce to the spherical polar system. 
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(ii) When a = 0 and w the elliptic cones degenerate into sectors 
in the positive and negative XZ plane respectively. The 
, 
semi-angles £ of these sectors are given by tan £ = x: or sin 
X 
£ = X', cos £ = X. These two sectors are singular surfaces 
of the coordinate system in the sense that every point within 
them can be described in two ways which will be described 
later. It is across these singular surfaces that an extra 
boundary condition is obtained for the solution of Maxwell's 
equations. 
w (iii) The surface a = 2 degenerates into the entire ~y plane. 
(iv) The surfacesB= 0 and w are again sectors in the positive and 
negative XZ planes respectively with semi-angles £' given by 
tan £' = ~ or sin £' = X, cos £' = Xl. Since sin t' is equal 
to cos £ (see step (ii». the semi-angles of these sectors 
are complementary to those of the sectors a = 0 and w. Hence 
together these four sectors form the entire XZ plane. The 
boundary lines between these sectors constitute the singular 
lines of the coordinate system in the sense described above. 
(v) w 3w The surfaces B = 2 and :r are half planes and together form 
the entire XY plane. 
These surfaces can all be derived from Equations (3.12) and (3.13) 
A sketch of the coordinate system is shown in Fig. (3.la). Also shown in 
Fig. (3.lb) are the singular sectors a = 0 and w and the sectors B = 0 and w. 
The various scale factors of the system can be derived from 
the equation 
~.¥' 
,/ 
FIG.(3.1) 
./' 
(a) 
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(b) 
THE SPHERO-CONAL CO-ORDINATE SYSTEi'1. (The sphere orthogonal to the cones 
is not shown). 
(b) THE SINGULAR SECTORS IN THE Y = 0 PLANE 
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h1~ = (~)2 + (lL.)2 + (~)2 3q. aq. 3q. 
111 
(3.20) 
where h. and q. denotes the scale factors and coordinates respectively. 
1 1 
These are found by Kraus6 to be given by 
h2 = 1 r 
h2 = 
r2 (~2 sin2 a + ~'2 sin2 a) (3.21) 
a (1 - X2 cos2 a) 
h2 r2 (X2 sin2 a + X'2 sin2 a) = a (1 - X,2 cos2 B) 
3.3 THE SOLUTION OF MAXWELL'S EQUATIONS 
7 In analogy to the case of the circular cone the electromagnetic 
fields inside the elliptic cone will now be analysed in terms of the 
two types of partial fields which are due to the transverse electric 
and transverse magnetic waves respectively. The surface of the cone 
is defined as a = ao • 
3.3.1 The Transverse-Electric Modes 
These modes are characterised by the absence of an E com-
r 
penent of the electric field and so the total electric field vector 
for these modes can be expressed in terms of a vector potential 
with only a radial component. 
Then 
,. 
, = 1 '(r. a, S) 
r 
E = - jwu V x , 
- -
Let this vector potential be 
(3.22) 
(3.23) 
Maxwell's equations for a source free region assuming harmonic time 
dependence are: 
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'i/ x E = - jWlJ H (3.24) 
'i/ x H = jw£ E (3.25) 
From Equations (3.23) and (3.24) 
H=VxVx1f' (3.26) 
Also from Equations (3.23) and (3.25) 
(3.27) 
or 
(3.28) 
Hence 
H = k2 ! + Vg (3.29) 
where k2 = w2~£ and g is an arbitrary function. The electric and 
magnetic field components are obtained from the vector potential ! 
as follows 
E = - jWlJ (V x f> = 1 j~ ~ 
a - a a he as 
since the 
H = 1" 
jWlJ (V x 1)a = -
... 
1a a2.1f' 
= 11; a;a; 
A 
_ 16 a21f' 
- he 31"aa 
(3.30) 
(3.31) 
(3.32) 
(3.33) 
(3.34) 
(3.35) 
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However from Equation (3.29) anothe~ expression is obtained for each 
of these magnetic field components as: 
.. 
1 
H = (Vi;) = ..J!. ~ 
a Q h da (3.36) Q 
... 
1 
H8 = (vg)S =~~ he dB (3.37) 
... {k2 If + ~} H = 1 r r (3.38 ) 
By comparing the two different expressions for the transverse com-
ponents of Ht it can be seen that they can be made identical if the 
arbitrary function g is chosen to be of the form 
(3.39) 
Hence from Equation (3.38) 
H = i {k2 If + a21{1 t 
r r 3r2 J (3.40) 
and by equating this to Equation (3.35) the following second order 
partial differential equation governing the potential function 'i' is 
obtained. 
::: + ha~a ~~ [:: =:} + a~ [:: ~ + k2 , = 0 (3.41) 
From Equation (3.31) the boundary condition that the electric field 
component tangential to the cone surface is zero requires that 
= 0 (3.42) 
(3.3.1.1) Solution of the Partial Differential Equation 
In the form given by equation (3.41) the equation is not the 
three-dimensional wave equation expressed in sphere-conal coordinates. 
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It can however be transformed into the wave equation by a change 
of dependent variable. 
Let 
If = rF (3.43) 
and substituting this into Equation (3.41) gives 
a [ha ar]ll 2 
+ aa hS as ~+ k r = 0 
which is 
expressed in the sphero-conal coordinates. The scalar wave equation 
can now be solved by the familiar method of the separation of vari-
ablest 
Let 
r (r, a, a) = R (r) A (a) B (a) (3.45) 
Substitution of this into Equation (3.44) and introducing separation 
constants v(v + 1) and T gives the three separated equations 
! (r2 ~J + {k2 r2 - v (v + l)} R (r) = 0 (3.46 ) 
(3.47) 
B = 0 (3.48) 
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These last two equations belong to the general class of two-parameter 
Sturm-Liouville equations and since thG two separation constants T and 
v(v + 1) appear in both equations they must be determined simultane-
ously. In deriving these equations the expressions for the scale 
factors given by Equation (3.21) have been used. 
Equation (3.46) is the familiar differential equation governing 
the spherical Bessel functions. Therefore its solutions are the 
spherical Hankel functions. 
(3.49) 
and 
(3.50 ) 
In Equations (3.47) and (3.48) we have in each case the trigonometric 
form of the Lame differential equation whose solutions are known as 
the Lame functions. There are however several different types of 
Lame functions, not all of which will produce physically realisable 
fields inside the cone. It is interesting to note that if the 
elliptic-functional form of the sphere-conal coordinate system is used 
~ 
the following Jacobian elliptic function form of the Lame equation is 
obtained instead of Equations (3.47) and (3.48) 
(3.51) 
hand n(n + 1) being separation constants. A similar equation also 
governs B(n). 
The theory of Lame functions is exceedingly complex and is still 
currently a subject of much research activity (see Arscott 8). There 
are in general three broad classes of these functions which are of 
practical importance, namely: 
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(i) The doubly-periodic Lame functions which includes the 
Lame Polynomials of which quite a lot is known of its 
properties (see Arscott8). The term "doubly-periodic" 
means that the function has both a real and an imaginary 
period of the same modulus. 
(ii) The simply-periodic (only one real period) Lam~ functions. 
Some literature is also available on th~ir properties. 
(iii) The non-periodic Lame functions of which knowledge is 
practically non-existent. 
From physical and geometrical considerations it can now be de-
duced which of these classes of Lame functions are admissable as 
solutions for the electromagnetic fields inside the cone. For 
such fields to exist, the potential function ~ and hence F(r t a, B) 
must firstly be single-valued. Hence since B = ° and B = 2w Cor-
responds to the same surface, it must also be periodic with period 
2w. However it can also have a period w. From these two con-
ditions imposed on F(r, a, B) it can be seen that the factor B(S) 
~ (i.e. solutions of Equation (3.48» must be a simply-periodic Lame 
function of period w or 2w. ~ These are the even and odd Lame functions 
Ecm (8) and Esm (B) respectively where the superscript m denotes a v v 
positive integer including zero. [Note: There are several dif-
ferent notations for these functions. These are described in 
~ 8 Arscott • The ones used here are due to Erdelyi.] Referring to 
Fig. (3.1) it had been mentioned that the sectors 0 = ° and 0 = w 
are singular surfaces in the sense that every point within the surface 
can be described in two ways. As only those cones with a within 
o 
11' 
the range ° < 0 0 < 2 are of interest, the surface 0 = w is not with-
in the interior of the cone and hence will not be considered. On 
the surface a = 0, a point can be described either as (r, 0, B) or 
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(r~ O~ 211' -6). Therefore 
F(r, 0, S) = F(r, 0, 211' - s) (3.52) 
Since B(B) is periodic with period 11' or 211' Equation (3.52) can be 
written as 
F(r, 0, B) = F(r, 0, -e) ( 3.53) 
i.e. the fields must be continuous across the interfocal sector plane 
a = o. 
Another necessary condition that F(r, a, B) must satisfy is the 
continuity of itsgredient across this same interfocal plane. From 
.. .. 
Fig. (3.1) it can be deduced that the unit vectors lex and lS changes 
direction in crossing the plane a = O. Thus continuity of gradient 
of F(r, a, S) across this plane implies that 
aF (r, a, S)(a = 0) = 
aa 
of (r, a, -B)(a: 0) 
-aa-
aF (r, a, B)(a= 0)= ar (r, a, -B)(a: 0) ae -a-e 
(3.54) 
(3.55) 
Equation (3.55) is actually redundant as it is a consequence of 
Equation (3.53). Thus Equations (3.45), (3.53) and (3.54) give 
A(O) B(S) = A(O) B(-B) (3.56) 
and 
AI(O) B(S) : -AI(O) Be-S) (3.57) 
or 
A(O) [B(S) - B(-B)] = 0 (3.58) 
and 
A'eO) [B(a) + Be-B)] = 0 (3.59) 
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If B(e) is chosen such that B(e) = B(-S) i.e. B(S) is an even 
function like Ecm(S), then A'(O) = 0 which means that A(a) is an 
v 
even function about a = o. If however B(a) is chosen such that 
B{G) = -B(-B) i.e. B(B) is an odd function like Esm(S), then A{O) = 0 
v 
which means that A(a) is an odd function about a = O. It can there-
fore be concluded that the factor A(a) of the product function pair 
A(a) B(e) must always be of the same parity as B(e) for physically 
realisable fields to exist inside the cone. This property has 
actually already occurred in the theory of the uniform elliptical 
waveguide where the potential functions are always described by 
product function pairs of even or odd Mathieu functions. In the 
waveguide case this parity condition is obtained by matChing the 
field (or potential function) across the interfoca1 plane t = ° 
(see Fig. (1.1» which is a singular surface of the elliptic-
cylinder coordinate system. Finally it should be mentioned for 
completeness that there is yet another condition for which VCr, a, 6) 
must satisfy. This is that on the singular lines formed by the 
surfaces a = 0, B = 0 and a = 0, S = w of Fig. (3.lb), the gradient 
of VCr, a, B) must have the same limit when these lines are being 
approached either from the sector a = 0 or the sectors a = 0 or w 
respectively. 6 However Kraus had already proved formally that 
such a condition will automatically be satisfied if ~(r, a, B) (or 
in this case; Cr, a, a» is a solution of the wave equation. Again 
such a condition also applies in the case of the elliptical waveguide 
where from Fig. (1.1) the singular lines are formed by the surfaces 
n = 0, t = 0 and n = w, t = 0 respectively. In this sense there-
fore the uniform elliptical waveguide and the elliptical cone pre-
sent a similar type of mathematical problem. With the above dis-
cuss ion, all necessary and sufficient conditions for determining 
the form of A(a) have been taken into account except that of 
Equation (3.42) which requires that 
dA(a} 
da /a = a 
o 
= 0 
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(3.60) 
" The Lame functions which satisfY all these requirements are in 
general the even and odd non-periodic Lame functions. Since such 
functions have not been dealt with in the literature (and hence 
there is no generally accepted notation for them) these will be de-
noted here by Lem(a, X) and Lom(a, X} for the even and odd functions 
" " 
respectively. As can be seen from Equation (3.47) these functions 
will also depend on the parameter T. This dependence is not shown 
in the above notations explicitly because, as will be shown later, 
T will be related to ". So the dependence on " automatically im-
plies dependence on T as well. Therefore from the preceding dis-
cuss ion we have 
dLem ( ) 
" a, X /a = 0 
da = 0 (3.61) 
and 
(3.62) 
A normalisation procedure has to be used for absolute determination 
of these functions and the ones stated below are used. 
m 
Le" (a, X)/a = 0 = I (3.63) 
dLom (a, X) 0 
" /a = 
da = 1 (3.64) 
The boundary condition of Equation (3.60) finally becomes 
(3.65) 
for the even functions and 
- 115 -
.i.. Lorn (a) = a da v ' X fa = a 
o 
(3.66) 
for the odd functions. 
This set of initial and boundary conditions therefore determine for 
a given cone, the sets of eigenvalue pairs (v T) and (v , T ) 
e mn'e mn 0 mn 0 ron 
where v and v are the nth roots of Equations (3.65) and (3.66) 
emn omn 
respectively and T and T are the values of T associated with 
emn ornn 
them. Thus from what had already been stated regarding the parity 
of the product function pair A(a) B(S), the only admissable solu-
tions are the functions 
Lem (a, X) Ecm (6) and Lorn (a, X) Esm (8). 
v v v v 
From Equations (3.43), (3.45), (3.49) and (3.50) the potential 
function 'I' is given by 
(1) 
Crh(2) (kr) m (a, X) Ecm (8) Le Vm e'Vrnn e n cVmn 
'i' = (1) (3.67) 
Drh(2) 
oVrnn (kr) Lorn oVrnn (a, X) Es
m 
oVmn (8) 
(1) 
where C and D are normalisation constants and the notation h(2) (kr) 
v 
means that we can choose either the function h~l) (kr) only in which 
case the waves will be travelling inwards towards the vertex or 
h(2) (kr) only when the waves will be propagating 
v 
radially out-
h(2) (kr) when the 
v 
wards or a linear combination of h~l) (kr) and 
two types of liaves will be existing together. However, only those 
waves that are propagating radially outwards will be considered and 
therefore from Equation (3.30) to Equation (3.38), the components 
of the electromagnetic fields can be expressed explicitly as: 
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h(2) Lem d m un , (kr) (a. , x) dl3 Ee v 
- X'2 eos2 S)~ v v e ron jwlJ. (1 a mn e mn 
E = a. , 
d m (X2 sin2 a + X'2 sin2 8)~ h(2) (kr) Lorn (a., X) dl3 Es v (13) v v o mn o mn o mn 
(3.68) 
, h(~) (kr) d~ Lemv (a., X) Eem (8) jw lJ (l - X2 eos2 a.)~ emn eron v 
e ron Ee = , 
(X2 sin2 a. + Xt2 sin2 B)~ h ( 2 ) (kr) J!. Lo m (a., X) Esm «(3) v da. v v o mn 0 ron o mn 
(3.69) 
E = 0 r 
, d rh(~) (kr~ -£;- Lel:l. (a, X) Eem (8) dr v (1 - X2 eos2 a)2 a mn e mn e mn H = 
e)i CL 2 2 ,2' 2 
Esffi 
r(x sin a. + X s~n d fh(~) (kr~ d L m (a, X) (8) - 0 dr da. v v o mn o mn o mn 
(3.70) 
d fh~~~ (kr~ L m (a., d m (8) , dr e v X) df3 Ee v (1 - X'2 cos2 13)2 e mn e mn 
H = , a 
r(x2 sin2 a. + Xi2 sin2 6)2 Eh(~) (kr~ d m d Lorn (a., X) d8 Es v (S) dr v o ron o ron o mn 
(3.71) 
v (avmn + 1) h(2) Lem
v (a., X) Ee
m (8) emn (kr) 
v r v e ron eron (3.72) omn H = r 
+ 1) v (ovmn h(2) L m (a., X) Esm (8) o mn (kr) o v r v v omn o ron o mn 
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In the above equations the normalisation constants C and D are both 
assumed to be unity. Those modes that are described by the even 
Lame functions are called the even H modes and those described 
e mn 
by the odd Lame functions are referred to as the H modes. 
o mn 
3.3.2 The Transverse-Magnetic Modes 
These modes are characterised by the absence of a radial com-
ponent of magnetic field. Hence the magnetic field vector of 
these modes can be expressed as 
H = jw£ Vx ! (3.73) 
where 
(3.74) 
and ~ (r, a, 8) denotes the scalar potential function for these 
waves. From Maxwell's equations (Equations (3.24) and (3.25» the 
two descriptions for the electric field vector are: 
E = V x V x If (3.75) 
and 
(3.76) 
where f is another arbitrary function. Therefore in a similar 
manner to that of section 3.3.1 the following expressions for the 
electromagnetic field components are obtained: 
(3.77) 
(3.78) 
-
llB -
E k2 - a2~ : '+-r ar2 (3.79) 
A jw£ a'¥ H : 
- 1 a a hf3 aB (3.80) 
HB = i jw£ a~ B h aa (3.81) 
a 
H : 0 
r 
where ~ again satisfy the differential equation given by Equation 
(3.41). In this case however, the boundary condition that the 
tangential electric field components on the surface of the cone are 
zero will require that 
, (r, a, 6)/0. = a : 0 
o 
(3.83) 
Thus the potential function, assuming unity normalisation constants, 
can be expressed as 
(1) 
rh(~) (kr) m (a, X) m un Le - Ec -
\I \) \I 
\:l mIl emn e ron 
, 
= (3.84) (1) 
rh(~) (kr) Lom_ (a, X) m (B) Es -
\I \I \I 
o mn o mn o mn 
where the sets of eigenvalue pairs (v eTmn) and (v , T ) are 
e mn' 0 mn 0 mn 
now obtained from the roots of the following two equations re-
spectively 
m {a, X)/a: 0 Le - : \I a 
e mn 0 
(3.B5) 
m {a, xl/a: 0 Lo - : \I a 
o mn 0 
(3.86) 
The electromagnetic field components of these modes (for forward 
propagating waves) can now be expressed explicitly as: 
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! Eh:e~ (k"~ d m TD (13) , - Le - (a. X> Ec -(1 - X2 COS2 a.)2 da. v • v e mn emn 
E = a 
t3)i r(x2 sin2 a + X'2 sin2 ~ Eh(~) (kr~ d m (a, m (a) -Lo - x) Es v dr v da v 
omn omn o mn 
(3.87 ) 
d rh(e) (kr~ m {a, d m (a) 
(1 - x'2 cos2 ali dr 
Le - x) - Ec -
v da eVmn e mn e mn 
ES = 
sin2 a + X'2 sin2 ali r(x2 
d Eh(~) (kr~ Lom_ (a~ d m (a) dr x) - Es -v da v o mn o mn o mn 
(3.8S) 
v (v + 1) h(~) (kr) m m emn emn Le - (a, X) Ec - (a) 
r v v v e mn e mn emn 
E = (3.89) r 
v (oVmn + 1) h{~) (kr) m m o mn Lo - (a., X) Es - (8) 
r v v v o rnn o mn o mn 
h(V (kr)Lem- (a~ d m (a) X) - Ec -
- X'2 cos2 ali 
v v dB v 
(l emn e mn emn jw£ 
H = -a (X2 sin2 a + X'2 sin2 a)! h(~) (kr) m (a, d m (a) Lo - X) - Es -v v da v omn e mn omn 
(3.90) 
(a) 
h(~) (kr) JL Lom_ ( ) m v da v a, X Es v 
omn omn omn 
(8) 
(3.91) 
H = 0 r 
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(3.92) 
These modes are designated as the eEmn and oEmn modes respectively. 
3.3.3 The Lame Functions 
Of the various classes of Lame functions the doubly-periodic 
types have, as previously mentioned, received the most amount of 
attention and therefore has a wider literature of their properties. 
However. it has already been shown that these functions do not 
enter into the theory of wave propagation in elliptical cones. In 
fact their main practical uses lie in potential problems relating to 
ellipsoids where they constitute the "ellipsoidal harmonics'! -
the ellipsoidal equivalent of the spherical harmonics. These 
functions will therefore not be considered here. Of the simply-
periodic Lame functions~ some simple prop3rties can first be de-
duced by examining its associated differential equation. Hence 
from Equation (3.48) it can be seen that if Xl = 0, the differential 
equation will reduce to the simple harmonic differential equation 
(3.93) 
with the fundamental solutions cos ITS and sin Ita. For these functions 
to have periods n or ffiultiples of n, T must be such that T = m2 where 
m is an integer. Thus 
when X' + 0 T + m2 
B(a) + cos mS, sin mS 
Ecm (a) 
(3.94) 
or +N cos rna v 1 
and m (a) +N sin rnS Esv 2 
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where Nl and N2 are normalisation constants. I~ the product 
/V(V + 1)X'2/<~perturbation series solutions for Ecm (a) and 
v 
Esrn (a) in powers of v(v + 1)X,2 can be constructed in a similar 
v 
manner as that of the Mathieu functions (see McLachlan9). How-
ever such solutions will naturally be of very limited applicability 
and hence are not used in this investigation. For trigonometric 
series solutions of general applicability and faster convergence, 
the following Fourier-Jacobi seriesrepr~sentations of these functions 
are used. These areS: 
~ 
Ec 2n (S) = , A + L A2r cos 2rS 2 v 0 r=l 
(3.95) 
~ 
Ec2n+l (a) = L A2r+l cos (2r+l)S v r=o (3.96) 
-Es2n (6) = L B2r sin 2rS v r=l 
(3.97) 
-Es2n+l (6) = L B2r+l sin (2r+l)S v r=o (3.98) 
where the Fourier coefficients are functions of v (and T) and X'. 
These series were originally derived by 1ncelO • It can be shown 
that for real a, the convergence of these series are comparable with 
that of a geometrical progression with ratio (i ~ ~J. Hence for 
small X' the convergence is very rapid. Solutions in terms of 
power seriescf elliptic functions and also in series of Legendre's 
functions have also been derived but these are either slower to 
converge or not convenient for practical usage. As the modes of 
main interest in later Chapters are the eHII and oH11 modes, only 
the functions 2n+l 2n+l. Ecv (a) and Esv (6) w11l be considered. The 
series representations of Equation (3.96) and (3.98) are in fact 
quite similar to those of the corresponding Fourier series of the 
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Mathieu functions ce2n+1(n, q) and se2n+1 (n, q) respectively. 
Hence in the same manner substitution of these two series into the 
differential equation and equating to zero the coefficients of cos 
(2r+l)p and sin(2r+l)a gives the following three-term recurrence 
relationships for the coefficients A2r+l and B2r+1 : 
+ i(v - 2r - 2)(v + 2r + 3)A2r+3 = 0 
+ i (v - 2r - 2)(v + 2r + 3)X,2 B2r+3 = 0 
where 
H = v(v + 1)X,2 + 2. 
From these recurrence relations it can then be proved that for 
Ec2n+l (6) and Es2n+l (6) to be periodic functions, • and v must 
v v 
be related transcendentally by the infinite continued fraction 
(3.99) 
(3.100) 
(3.101) 
(3.102) 
H = 2 - X' 2 + i v( v + 1) X t 2 _ __-,(_v_2 __ 4...;)...;(~V-:-+.;..3 .:...:)(:..:V;...-=1.:..>X~'_4..!./..::.6_2 ___ _ 
2-X,2+ ~ _ (v2+ 16)(v+S)(v-3)X· 4 /302 
9 H 
2 - X'2 - 25 - •••••• 
(3.103) 
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for the even function Ec2n+l (B) and 
v 
(3.104) 
• 2n+l for the odd funct~on Es
v 
(B). These equations are also known as 
the characteristic equations and T can be referred to as the character-
istic 
2n+l a
v 
value.Specific notations for the characteristic values are 
2n+l for the even function and b
v 
for the odd function. 
[Note: In Erdelyi5the characteristic value is generally denoted by 
h which is related to T by h = v(v + l)X,2 + ~.] With some modi-
fications which will be discussed in a later Chapter these co-
efficients and the characteristic values can be computed in a similar 
manner to that used for the Mathieu functions. Ince had proved that 
the asymptotic behaviour of these characteristic values when v is 
large and real are given by: 
2n+l []i ( 2 a
v 
~ (4n + 3)X' v(v + 1) - v v + l)X' (3.105) 
(3.106) 
These two asymptotic expressions will serve as a guide to the value 
of T when computing their numerical values inthe case when v is large. 
Finally for the non-periodic Lame functions, it had alreauy been 
stated that literature on these functions is non-exist~nt. It had 
sometimes been quoted that Levinell had done some investigations on 
the properties of these functions but enquiries made to the Courant 
Institute for a copy of the report have revealed that it had never 
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been completed and written up. Because of their complexi~y various 
attempts to obtain useful sol~tions for these functions have not 
produced results of any significance. A Mac1aurin series solution 
of Equation (3.47) was found to be of slow convergence. It was 
finally decided to obtain values of these functions by the numerical 
solution of its differential equation using the Runge-Kutta method. 
Computational details will be given in a later Chapter. However, 
as with the simply-periodic functions, a simple property can be 
deduced by examining the differential equation. From Equation (3.47) 
if we let X = 1, it will reduce to the Associated Legendre dif-
ferential equation of which the fundamental solutions are the 
first and second kind Associat~d Legenure's function pm (cos a) and 
'" Qm (cos a). 
'" 
Since Qm (cos a) has a singularity at a = 0, it will 
'" 
not be admissable as a solution for physically realisable fields 
inside the cone. Therefore when X + 1 it can be seen that 
Lem (a, X) ..... N3 pm (cos a) 
'" '" (3.107) 
Lom (a, X) ..... N4 pm (cos a) 
'" '" 
where N3 and N4 are again normalisation constants. Finally, with 
Equations (3.47) and (3.48) and using Sturm-Liouville theory it can 
be proved that (see Kraus & Levinel ) the Lame function products 
m 
Le '" 
emn 
m Le -
'" emn 
(a, X) Ecm 
'" emn 
(a, X) Esm (0) 
'" !oJ, 
o mn 
(~) 
will constitute a complete orthogonal set of eigenfunctions with 
eigenValue pairs (e"'mn' e~mn)' <o"'mn' oTmn)' (evmn' e~mn) and (oV
mn
) oi
mn
) 
respectively over the domain (0, a
o 
0, 2~). 
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3.4 MODE ORTHOGONALITY AND TRANSITION TO A CIRCULAR CONE 
As th~ set of Lame function products mentioned above is com-
plete and urthogonal it will follow that the potential functions 
~ and ~ and hence the modes are orthogonal. These modes will thus 
propagate independently down the cone when generated. Thus any 
arbitrary fields set up at the throat can be represented by the 
sum of th~se modes. 
When X + 1 (X' + 0), the elliptical cone degenerates into a 
circular coni;l. In this case if we let a = e and e = , it can be 
seen from Equations (3.68)-{3.71), (3.94) and (3.107) that the 
electromagnetic field components f~or TE modes will become, apart 
from multiplying constants, 
E + Ee a 
EI3 + E~ 
E = 0 r 
= 
iwu 
sin e 
= - jwu 
h(2) (kr) pm 
\) \) 
mn mn 
h(2) d m (kr) de p\) \) 
mn 
e) J-m sin m 
'} (cos lm cos m , 
ros m 
:J (cos e) sin m 
H + H =!...£. [r h~~ (kr>j...£. pm (cos 
a e r dr ·llUl de \) {
COS m '} 
e) sin m , 
{ 
-m sin m~l 
e) J 
m cos m ~ 
(3.108) 
These are the familiar fields for the TEmn modes in a circular cone. 
The even and odd mnth modes will reduce to the same mnth mode in 
the circular cone but with different polarisations with respect 
to a referenc~ axis. For m = 1 in particular the two polarisations 
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of the electric field are orthogonal to one another. In a similar 
manner the E and E modes will reduce to the E modes of the 
e mn 0 mn mn 
circular cone when X + 1. 
3.5 TRANSMISSION PROPERTIES OF THE CONE 
It has been seen that the radial variations of the electro-
magnetic fields are dependent on the behaviour of the spherical 
Hankel function. Hence from the asymptotic expansions of this 
function for small and large arguments, namely 
(~J ~ 1 [k;f + j[~l! (2JV +1 
h(2) (v + H! 
(v - !): kr kr « 1 
(kr) = v 
e -j (kr - (v + 1) 'If) 1 2 kr » 1 kr 
(3.109) 
the familiar separation of the interior of the cone into two regions -
the attenuation region (small kr) and the transmission region (large 
kr) is obtained. This is a common property of electromagnetic wave 
propagation in all cones or horns12 ,13. The boundary between these 
two regions for a given mode is however not distinct but it is 
generally assumed to be in the vicinity of kr : v. Thus at a given 
frequency of operation the length of the attentuation region varies 
proportionally with the magnitude of the mode number v. To ex-
amine quantitatively the transmission properties of the cone it is 
necessary to define expressions for the various physical quantities 
12 
of wave propagation. So following Chu the following definitions 
are adopted: 
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Propagation constant, y(Q,r) = a(Q,r) + jS(Q,r) 
Guide wavelength, Ag (Q,r) 
Guide phase velocity, V (Q,r) p 
= -
a log Q 
dr 
21T 
= -8""';( Q;;";,;""r""") 
til 
= """'(3 (."...Q,;.;.,-r ...... ) 
(3.110) 
(3.111) 
(3.112) 
where Q is any one of the field components. These are in fact the 
definitions used in uniform waveguide theory. But there are some 
distinct differences when they are applied to wave propagation in 
cones. For the case of a uniform waveguide all field components 
have the same exponential variation in the direction of propagation 
and therefore these physical quantities are not functions of the 
particular field component,Q,or of distance in the propagation 
direction. In the case of the cone however, it can be seen from 
Equations (3.68) to (3.71) that the radial variation of the electric 
field components is different from that of the magnetic field com-
ponents. With these definitions there are therefore two different 
expressions for these physical quantities depending on the choice 
of Q used. Moreover since the spherical Hankel functions are non-
periodic functions, these quantities will also be functions of the 
radial direction. From the field components and the definitions 
above, expressions for these transmission coefficients are obtained 
which are wholly dependent on the radial variations of the fields. 
In this respect the elliptic cone will have qualitatively the same 
transmission characteristics as its counterparts - the circular 
and pyramidal cones, since in all cases, the radial dependence of 
the fields are of the same functional form (i.e. described by the 
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spherical Hankel functions). Thus the expressions shown in 
Table 3.1 for the various transmission coefficients which were 
13 derived by Schorr and Beck (for the circular cone) using the 
asymptotic expansions of Equation (3.109) also apply here for the 
elliptic cone. The expressions in column (3) of the Table are 
derived from the propagation function 
y(r) 
h (2)' (kr) 
= 2'11' ~v,,:":, __ _ 
- T h(2) (kr) 
v 
and those in column (4) from 
(3.113) 
( 3.114) 
where v can be either v tV. •• etc. depending on the mode. 
emn omn 
The same authors have also pointed out that with these defintions of 
the transmission coefficients given by Equations (3.110)-(3.112) 
two anomalies arise. The first is that the phase coefficient 
given by the 4th column in the Table is inherently negative in the 
attenuation region where kr « 1 which is contrary to hypothesis for 
forward propagating waves. Secondly the product of the group 
velocity (if defined as V = awlas) and the phase velocity is not g 
equal to c2 (where c is the velocity of light) as it should be. 
This anomalous behaviour is due to the severe aperiodicity of the 
spherical Hankel functions near the apex of the cone. Thus the 
physical Significance of these transmission coefficients should not 
be taken too rigidly especially near the apex. In spite of the 
deficiencies of these definitions, their usage do produce results 
which will give a reasonable picture of the behaviour of the 
waves inside the cone and if, as Chu12 did, the electric field 
component (for TE waves only) is chosen for Q in Equation (3.110), 
y 
kr » 1 Ag 
Vp 
Y 
kr « 1 >'g 
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Q = [~~ (EG) for TE Modes] (Ha) for TM Modes 
-
1 'k 
-+J 
r 
A 
c 
\1+1 +'k 1T 2\1+1 
- J -
2 (\I-V!( v+i )! 
(~r]2V 
r 
2 (v-i}Hv+i)! 
c-1T 2\1+1 
Q - [~: (He) fOr TE Modes] - (E ) for 1M Modes a 
1+ jk 
r 
A 
c 
v+2 'k 1T (2\1+1)(\1+1) (k;) 2\1 
-- J -r 2 \I(\I-i)!( v+V! 
C 2\1 (v-i)!( v+i>! (.2.) 2v 
1T (2\1+1)(\1+1) kr 
Table 3.1. Transmission Coefficients of the Cone. (Schorr and 
Beck13 ) • 
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the propagation function will be given by Equation (3.~3) or the 
third column of Table 3.1 for the asymptotic expansions and hence 
the first anomaly will not arise. With this reservation and since, 
as will be seen in the next Chapter, only the Hand H modes 
e 11 0 11 
will be of interest, graphs of the variations of the various trans-
mission coefficients along the cone can be plotted for elliptic 
cones operating in these modes in accordance with Equations (3.110) 
to (3.113) if required. However, a discussion of the mode number v 
is appropriate at this juncture since its magnitude obviously affects 
the behaviour of the transmission coefficients as seen from Table 
3.1. From the theory of the uniform elliptical waveguide given in 
Chapter 1, the H waveguide mode is the dominant mode in the 
e 11 
guide, with the oH11 as a higher order mode. Therefore it can 
be expected that the corresponding eH1l and oH11 conical modes 
will have the same distinction in the elliptic cone and the H 
e 11 
conical mode being the lowest order mode should encounter the least 
attenuation. (This type of attenuation is not due to conductor 
losses but is inherent in the theory of horns. It is similar to 
the attenuation encountered by a mode below cut-off in a uniform 
waveguide. In a waveguide the dominant mode does not necessarily 
have the least conductor loss attenuation.) Since Table 3.1 shows 
that the attenuation of a mode in the region kr « 1 is proportional 
to its mode number v, it can be deduced that the H mode number, 
e 11 
v will have the smallest magnitude for a given elliptic cone. 
e 11 
The numbers v , v are the eigenvalues of Equations (3.65) and e mn 0 mn 
(3.66) respectively and hence will not only depend on the angle a 
o 
(i.e. semi-cone angle in the minor axis plane) but also on the 
value of X. However, Equation (3.18) shows that X determines the 
eccentricity of the cone (for fixed ao ) and hence the magnitude of 
the mode number will be a function of both a and e. 
o Ot' in another 
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words v depenu on both the cone angle in the major and minor axis 
of the cone. Fig. (3.2) shows a plot of the mode numbers v 
e 11 
and oVl1 against ao for various values of the eccentricity. The 
computational details of these eigenvalues will be given in the 
next chapter. It can be SGan from the figure that for a given 
cone (ao and e) oVll is always larger in magnitude than eVIl and 
the difference between these two numbers Je?endson the eccentricity 
as well as a. For a given a the difference decreases with de-
o 0 
creasing eccentricity until when e = ° (i.e. circular cone case) 
it should theoretically be zero since the two modes reduce to the 
same moJe but with orthogonal polarisation when the cone becomes 
circular. When e ~ 0, the eHll mode will encounter less attenua-
tion than the oHll mode not only because it has a weaker attenuation 
function but also because it has a shorter attenuation region, since, 
as had been stated, the length of the attenuation region is approxi-
. b ~ v mdtely g~ven y r ~ k' Moreover, these graphs also show that for 
a given a • the moJe number decreases with increasing eccentricity 
o 
and vice-versa, although v does not change with eccentricity as 
o 11 
Also for a given cone, increasing the magnitude 
of one of the principal axes while keeping the other constant, will 
decrease the moJo number and hence the attenuation of the mode. Al-
though these effects have been discussed in connection with the eHll 
and H modes, they can be shown to apply to all higher order modes 
o 11 
in general. Hence since these higher order modes have larger mode 
numbers for a given cone, the mode filtering property of the throat 
of the cone is also seen to occur in this case. 
The graphs showing the functional dependence of the various 
transmission coefficients on (kr) and v are given in Figs. (3.3) 
and (3.4). These are plotted fOr integer values of v and could, 
for example, apply to cones of eccentricity e = 0.954 with the various 
e~' ) 
o VII 
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V11 for e=O (circular cone) 
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FIG.(3.3) TRANSMISSION COEFFICIENTS VS THE RADIAL 
DISTANCE IN WAVELENGTHS kr FROM THE APEX. 
(a) Phase coefficient. 
(b) Attenuation coefficient. 
(The cone angles stated are for a eH11 mode born 
of eccentricity e=O.954) 
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FIG.(3.4) RELATIVE WAVELENGTH AND PHASE VELOCITY 
VS THE RADIAL DISTANCE kr FROM THE APEX. 
(The cone angles stated are for the eH11IDode horn 
of eccentricity e=0.954) 
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cone angles (a ) shown and operating in the H mode. 
o e 11 However, 
since each curve is only dependent on the value of v, it is obvious 
from the preceding discussion that they can be applied to cones of 
other eccentricities and 00 or to the oH11 mode and higher order 
modes as lung as the value of the mode number is the same as those 
given. From Fig. (3.3a) it can be seen that the phase coefficient 
a is small compared to k in the attenuation region but approaches 
the free space value as the wave progresses down the cone through 
the transmission region. Fig. (3.3b) which is a plot of the 
attenuation coefficient merely serves to illustrate in detail what 
has already been deduced by asymptotic considerations, i.e. 
attenuation increases with increase in mode number v in the 
attenuation region and decreases with distance along the cone to 
the asymptotic value! which is given by the dashed curve. 
r Finally 
Fig. (3.4) shows the variation of the quantities <~g/A) and <Vp/c) 
with (kr). It can be seen that the wavelength in the cone de-
creases as the wave progresses down the cone and asymptotically 
approaches the free space value for laree values of kr and at the 
same tL~e the phase velocity which is substantially infinite up to 
a certain distance ~ (which is dependent on mode number) will tend 
to the velocity of light. 
3.5.1 Energy Flow and Characteristic I!pedance 
Additional information on the properties of the cona can be 
obtained by examining the behaviour of the energy flow inside it. 
The time average value of the Poynting vector ~ is given by 
1 P = - (ExH") 
- 2 -- (3.115) 
In sphere-conal coordinates this becomes for the TE modes 
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p=·!Ji(EHIt-E Hir)+l E Hit+l E Hit} 
- 2l r f. t7\ 0 8 B 0 r a B r (3.116) 
Substituting the expressions for the field components (Equations 
(3.6S) to (3.7~» into this equation gives for the even modes (with 
subscripts on v suppressed) 
p = 
a 
p = 
r 
j~(l - X'2 cos2 B)~ v{v + 1) 
2r(x2 sin2 a + X'2 sin2 S)~ 
jwp (1 - X2 cos2 a)~ v(v + 1) 
2r(x2 sin2 a + X'2 sin2 p)i 
m 2 {Le (a. X)} 
v 
{-£a Le~ (a. X)} 
(3.117) 
(3.118) 
(3.119) 
For the odd modes the even Lam~ functions are replaced by the odd Lam~ 
functions in these expressions. It can be seen from these equations 
that the energy flowsin the 0 and B directions are always purely 
imaginary indicating reactive power and hence no net energy transfer 
in these directions. In the radial direction. the energy flow is 
in general complex se that some of the energy is stored reactively 
and some is transmitted d0m the cone. Noreover. together with the 
asymptotic expansions of Equation (3.109). these equatiuns also show 
that the radial component P is largely imaginary in the attenuation r 
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region (hence predominantly reactive power) but since this part of 
P
r 
and the components P
a 
and P~ vary inversely as r3 they soon 
reach to a very small value compared to the real part of P (which 
r 
determines the transmitted power) which varies inversely at r2. 
The power transmitted through any spherical cap cross-sectiun of 
the cone is given by the real part of the integral of P
r 
over the 
cap. Thus 
(3.120) 
and with the expressions for ha and h~ given by Equation (3.21) this 
becomes 
where C is the integral 
o 0 
(1 - Xt2 cos2 6)' 
(1 - X2 cos2 a)i 
For a given cone this integral is a constant. 
it can be shown that 
(3.121) 
(3.122) 
Since 
(3.123) 
(3.124) 
- 138 -
The second factor on the right hand side of the equation is the 
Wronskian for the spherical .Bessel functions and is equal to (;rJ 2. Hence from Equation (3.121) 
s = till! C 
Run! 2k (3.125) 
which is independent of r. This shows that the power transmitted 
throueh any spherical cap cross-section of the cone is the sarne as 
that transmitted through any other such section thus satisfying the 
law of conservation of energy. These energy transmission ~ro-
perties can also be shown to apply to the even anJ Odd E modes 
mn 
as well. 
The characteristic wave impedance ill the radial direction for 
the H modes is given by 
E . h(2) S JWlJr \I 
ZH = Ii = - -------
C4 ~ [r h(2) 
dr \I 
Ocr) 
(kr)] 
This expression can be expressed in terms of the attenuation co-
efficient, ",and phase coefficient}~)(defined by Equation (3.113) 
as: 
ZH = R + jX = ___ w_tJ:...;B ___ _ 
(a _ 1) 2 + 132 
r 
+ 
jWl1 ea _ 1) 
r 
1 2 (0 - -) + S2 
r 
(3.126 ) 
(3.127) 
For the purpose of illustration sarno curves of the variations of R 
and X with (kr) and \I are shown in Fig. (3.5). It can be seen 
that the characteristic resistance R will tend to the free space 
value Of~ whereas the reactance X which is always positive (i.e. 
inductance) will tend to zero. In a similar manner it can be 
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FIG.(3.5) CHARACTERISTIC RESISTANCE AND REACTANCE 
OF THE CONE VS THE RADIAL DISTANCE IN 
WAVELENGTHS kr FROM THE APEX. 
(a) The resistive component. 
(b) The reactive component. 
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shown that the wave impedances of the E modeos HU~ have a simil.ar 
behaviour except that the reactances will be capacitive. 
Finally, it can be deduced from the set of field components 
for both the Hand E modes and the asymptotic expansion (for 
kr » 1) of the spherical Hankel function that all the transverse 
components vary inversely as r while the radial components vary 
inversely as r2. Thus as the waves progress down the cone they 
behave more like TEM waves. This is in accordance with the above 
observation that the wave impedances tend to the free space value 
when kr is large. Sketches of the field lines in a cone operat-
i08 in the H and H modes are shown in Figs. (3.6) and (3.7) 
e 11 0 11 
respectively. The transverse cross-sectional field lines of 
both modes bear a close resemblance to those of their corresponding 
uniform elliptical waveguide modes (see Fig. (1.3» and in fact are 
essentially those of Fig. (1.3) distorted to fit a conical surface. 
3.6 CONCLUSIONS 
An exact solution of Maxwell's equations inside a perfectly 
conducting elliptic cone has been derived and expressions for the 
fields due to the various modes obtained. As would be expected 
from uniform elliptical waveguide theory, these modes can be classi-
fied into even and odd types both of either a transverse-electric or 
a transverse-magnetic nature. The attenuation and transmission 
properties of such a cone are qualitatively similar to those of 
the more commonly known rectangular and circular cross-sectional 
ones but the transverse field distributions bear a stranger re-
semblance to those of a uniform elliptical waveguide. 
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CAAP~R 4 
The Radiation Properties of Elliptical Horns 
4.1 INTRODUCTION 
It has already been seen that the propagation of electromag-
netic waves inside an elliptical cone can be analysed theoretically 
in either one of two ways - firstly the uniform elliptical wave-
guide eigenfunction expansion method, which leads via the generalised 
Telegraphists equations to a system of coupled uniform elliptical 
waveguide modes and secondly the exact analysis using the sphero-
conal coordinate system. If the former analysis is used the field 
at the mouth or aperture of a horn (the word 'horn' is now used in-
stead of 'cone' in order to denote its usage as a radiator) will 
be a vectorial summation of several uniform elliptical waveguide modes, 
the number of modes present being dependent on the physical dimensions 
of the horn and the method of excitation. Hence the far field 
radiation patterns of the horn will also be a vectorial summation 
of the radiation patterns of the individual uniform elliptical wave-
guide modes present in the aperture. Although the radiation patterns 
of any uniform elliptical waveguide mode can be computed as described 
in Chapter 1 it has been shown in Chapter 2 that it is extremely 
difficult to obtain accurately the relative values of the amplitudes 
and phases of these modes at the mouth of the horn which are 
essential for the vectorial summation process. This method of 
obtaining the radiation patterns of the elliptical horn has there-
fore proved to be inconclusive in practice. Another method of 
calculating radiation patterns of horn antennae often described in 
text-booksl ,2 is that of assuming only a single uniform waveguide 
mode (that which corresponds to the excitation mode) to be present 
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at the mouth of the horn but the field of this mode is modified 
by a quadratic phase error to account for the curvature of the 
phase front at the aperture. This method will at best give only 
approximate results and will also not be applicable over a wide 
range of horn parameters and hence was not used. This Chapter 
is therefore concerned principallY with the computation of the 
radiation patterns of the elliptical horn using the expressions 
for the fields which are derived by the exact analysis of Chapter 
3. The aperture field method is used for the calculation of the 
radiation formulae. However, an attempt had also been made to ob-
tain the radiation patterns using the geometrical theory of 
Keller3 which had been applied recently to the sectoral and 
circular horns by Kinber4 and Hamid5,6. This has not been succes-
sful, the main obstacle being the lack of analytical knowledge of 
, 
the properties of the non-periodic Lame functions, as well as the 
greater complexity of the problem, in a geometric sense, compared 
to those of the sectoral and circular horns. This method of 
calculating the radiation fields, if it had been successfully 
applied, would have produced a more elegant SOlution. Moreover, 
from Hamid's work a greater accuracy in the theoretical results 
away from the main beam of the pattern is obtained and finally, 
it is believed, this method will need less computer time. A 
representative selection of computed patterns obtained by the 
aperture field method together with their experimentally measured 
values will be presented as well as some design charts for 
elliptic horns. 
4.2 PRELIMINARY ASSUMPTIONS AND EXCITATION ARRANGEMENTS FOR THE HORN 
The analysis of the propagation of electromagnetic waves inside 
the horn given in Chapter 3 yields expressions for the fields which 
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are strictly valid only for the case of an infinite~y long horn. 
However, it had been seen that as the waves progress down the horn 
to points such that the product (kr) is sufficiently larger than 
unity, the waves become more like TEM waves and the wave impedance 
of the horn at such points will also approach the free space value. 
Under these circumstances, if the infinite horn is truncated at 
anyone of these lengths, the electromagnetic fields inside it should 
not be altered too significantly since the mouth of the horn will 
then be essentially matched to free space as a first approximation. 
To obtain the radiation patterns of horns whose lengths satisfy th~ 
above condition the following assumptions can be made at the outset. 
(i) The field at the mouth of the horn is assumed to be the 
same as that which would exist at the same cross-section 
of an infinitely long horn. 
(ii) The field does not spill around the rim of the mouth of 
the horn. 
(iii) Reflection of the waves at the mouth of the horn can be 
ignored. 
These assumptions are almost always used in obtaining the radiation 
patterns of horn antennae and are generally reasonably valid pro-
vided the flare angle of the horn is not too large and its length 
is not too short. 
The field at the mouth of the horn will obviouSly depend on 
the particular mode or modes that are excited inside the horn. 
When an elliptical horn is used as a radiator it is usually fed 
with a uniform waveguide operating in the dominant mode. It is 
perhaps natural to uSe a uniform elliptical waveguide as the feeder 
guide to the horn but because of the general availability of 
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rectangUlar waveguides and their compatibility with otbe~ eom-
ponents (e.g. power sources, isolators), the horns used in obtain-
ing the experimental patterns were constructed to accept rectangular 
waveguide feeds. Fig. (4.1) shows a typical elliptical horn that 
had been used experimentally. At the flange the internal cross-
section of the horn is rectangular but away from the flange the 
corners of the rectangular cross-section are gradually rounded to 
produce a smooth transition to the elliptical cross-section. Com-
parison of the eXperimental results obtained using first an 
elliptical waveguide feed and then a rectangular waveguide feed 
have revealed no significant changes in the patterns. 
When the feeding guide is a dominant HOI mode rectangular 
waveguide and orientated with respect to the horn as shown in 
Fig. (4.2a) it will excite principally the corresponding HI 
e 1 
mode of the horn. However, because of the discontinuity at the 
waveguide-horn junction other higher order modes will also be 
generated in order to satisfy the boundary conditions. Immediate-
ly to the left of the junction in the rectangular waveguide there 
will be present higher order rectangular waveguide modes (which 
are evanescent and therefore rapidly attenuated) as well as the 
reflected HOI mode which propagates back towards the source. To 
the right of the junction inside the horn, the eHIl mode which is 
the lowest order mode of the horn as well the horn equivalent of 
the rectangular HOI mode, will propagate from purely physical con-
siderations since every cross-section of the horn will be larger 
than that of the feeding guide and hence be above cut-off. The 
higher order modes will however be heavily attenuated since the 
throat of the horn in this case will act as the attenuation region 
for the higher order waves. So the only mode with any significant 
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FIG. (4 . 1) TWO VIEWS OF A TYPICAL EXPERIMENTAL 
ELLIPTICAL HORN (eH11 MODE) . 
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FIG.(4.2) ORIENTATIONS OF THE HORN WITH RESPECT TO 
THE RECTANGULAR FEEDING WAVEGUIDE. 
(a) The eH11 Mode of Operation o 
(b) The oH11 Mode of Operation o 
- 149 -
energy for radiation is the H mode and it can be assumed that 
e 11 
the field at the mouth of the horn is due entirely to this mode. 
This assumption is reasonably valid provided the maximum horn flare 
angle (in this case the flare angle in the major axis plane) is not 
too large and can be further justified by the following argument. 
When the flare angle of a horn is decreased, the discontinuity at 
the feed-horn junction is reduced which results in less energy 
being converted to the higher order modes. Also the numerical 
value of the mode number v for any given mode increases hence re-
sulting in higher attenuation and also in a longer attenuation 
region as discussed in Chapter 3. These factors all discriminate 
against higher order mode energy reaching the mouth of the horn. 
On the other extreme if the flare angle of the horn is very large, 
these factors will have the entirely opposite effect of producing 
higher order mode energies and the field at the mouth will be a 
vectorial summation of several modes. However, if the maximum 
value of the flare angle is limited to less than about 500 , single 
mode operation can be assumed. Such an assumption had also been 
adopted in the theory of the sectoral and cirCular-conical horn7,8 
and has been used in the present work. In recent years there 
have been quite a lot of research activity on multi-mode horn 
9 10 11 
antennae' , for radiation pattern control. Multi-mode opera-
tion can be obtained either by feeding the horn with a multi-mode 
waveguide (or even a dominant mode waveguide) at a point where the 
throat of the horn is beyond the attenuation region of several 
modes or by introducing mode generating discontinuities at such 
points. It will not be considered in this thesis. 
If the rectangular feeding waveguide is rotated by 900 with 
respect to the horn as shown in Fig. (4.2b) the mode excited inside 
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the horn will then be the oHII mode. This mode has a larger mode 
number than the eHll mode for a given horn but because of the 
orientation of the field in the feeding guide the H mode will 
e 11 
not be excited. From the same arguments presented above it can 
then be assumed that with this feeding arrangement the H mode 
o 11 
will be responsible for the radiation energy. Most of the experi-
mental radiation patterns are obtained with these two modes of 
operation and they will be described separately later. 
4.3 THE RADIATION PATTERN FORMULAE 
Of the variety of ways of obtaining radiation pattern formulae 
of aperture-type antennae, Schelkunoff's field equivalence method 
has been adopted in this present work. This method together with 
its inherent assumptions have been adequately described in various 
text_books12 ,13 and hence its theory will not be presented here. 
It had also been used by, among others, Schorr and Beck8 in their 
theory of the circular-conical horn and the theoretical patterns 
calculated using this method were found to agree very well with 
experimentally measured patterns. 
The method involves the replacement of the field in the 
aperture of the horn by fictitious electric and magnetic current 
densities which are given by 
and 
J = n x H 
~p 
A 
(4.1) 
M = - n x E (4.2) ~p 
~ 
where n is the unit normal to the aperture and Hand E are the 
~p ~p 
aperture magnetic and electric fields respectively. The electric 
and magnetic vector potentials are hence related to these current 
densities by 
-jkR 
F = - -.,..-~-1 I ! e 
- jWlJ , 41rR 
! J e-
jkR 
A =-L jw£ 41rR , 
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ds' (4.3) 
ds' (4.4) 
where ds' is a surface element of the aperture and R is the distance 
of this element to a point in space. The coordinate system used 
for calculating the radiation patterns is shown in Fig. (4.3). 
The primed coordinates refer to the points on the aperture while 
the unprimed coordinates refer to the field point. As shown in 
the figure the field point is defined in terms of the spherical 
coordinates (r, a, ~) whereas an aperture point is given in terms 
of the sphero-conal coordinates. The electric and magnetic field 
at any point Per, a, ~) is then given by the familiar expressions: 
E = k2 ! + VV.! - jw~V x F (4.5) 
H = k2 F + VV.F + jw£V x A (4.6) 
In a strict sense when calculating the radiation patterns of 
plane aperture horns, the surface integrals of Equations (4.3) and 
(4.4) must be performed over the plane aperture shown shaded in 
Fig. (4.3). The unit vector n will then be equivalent to i and 
x 
the elemental area ds' will be an element of the shaded area. This 
procedure will result in more complicated expressions for the sur-
face integrals than would have been the case if the integrations 
are performed over the spherical cap shown. The spherical cap 
represents a constant phase front for the waves and hence result 
in a simplification of the integrands because the spherical Hankel 
functions which describe the variation of the amplitudes and phases 
~ 
/' 
./ 
/' 
/' 
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FIG.(4.3) CO-ORDINATE SYSTEM FOR CALCULATING 
THE RADIATION FROM THE ELLIPTICAL 
HORN. 
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of the waves will be constanta over the cap. This proced~ was 
also used by Chu7 as well as Schorr and Beck8 and does not seem 
to affect the theoretically calculated patterns significantly. 
If only the far field radiation patterns are required further 
simplifications can be made. From Fig. (4.3) it can be seen that 
for the far field 
R = r - L cos 1/1 
-jkr f M e jk L cos 1/J ds' F e = jw lJ 41ft' 
s' 
-jkr f -jk L cos 1/J ds' A e = jw£ J e 41rr 
s 
and A and F will be equal to zero. 
r r 
(4.7) 
(4.8) 
(4.9) 
The far field components of the radiation field can best be 
expressed in terms of the spherical coordinate system. Thus in 
this system with Ar = 0 
,. 
+ .:t [!- (rA 0 r IJr e j (4.10) 
and 
(4.11) 
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Since the far field distance is large, terms which are inversely 
proportional to r or powers of r can be ignored. Hence 
V( V.!) = 0 (4.13) 
Similarly 
V x F 
... aF ~ .. aF e 
- - le ax- + l~ 3r 
V(V.!:.) = 0 (4.15) 
with these simplified expressions in Equations (4.5) and (4.6), the 
electric and magnetic fields become 
(4.16) 
pattern. Moreover from Equation (4.8) it can easily be seen that 
aF ~ = - jkF ar ~ 
(4.18) 
and hence Equation (4.16) becomes 
(4.19) 
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The electric and magnetic fields at the aperture are given by 
A A .. 
E = (1 E 't 1 E 't la Ea)r (4.20) 
-ap I' I' a a : L 
" 
.. ... 
H = (1 H + 1 H + 113 Ha)r (4,21) 
-ap r r 0 a : L 
A 
" Since n = 1 I' 
,. ,. ,. 
EelI': L H :: -n x E : {IS E 1 (4.22) 
-ap a a 
,. .. ,. 
J :: n x H = {-lS H 't 1 H,)r: L (4.23) 
-ap 0 a 
With these expressions in Equations (4.8) and (4.9) integrands in-
A ... 
volving the unit vectors 10 and Ie are obtained and the change in 
directions of these vectors must be considered. In order to avoid 
this it is best to express the vectors ~ and J in terms of cartesian 
components. From Appendix 3 it is shown that the unit vectors 1 
(J 
and 18 are related to the cartesian unit vectors by 
,. 
,. (x· 2 cos a cos S sin 8) 1 't 
x 
(4.24) 
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• 1 1 = ----------------------~ 
a (X2 sin2 a + X'2 sin2 S)~ 
, ,. 
+ (cos a sin S(l - X2 C082 a)~} 1 y 
,. 
+ (X2 cos a sin a cos S) 1
z 
(4.25) 
Hence substituting these into Equations (4.22) and (4.23) gives 
1 
M = ----------~~--------~ (X2 sin2 a' + X'2 sin2 S,)i 
x 
+{sin a' cos S'(1-X,2 cos2 B,)l E~'-cos a' sin B'(l-X2 cos2 a,)i E ,} i 
... s y 
(4.26) 
1 
J = -------------__=_, 
(x2 sin2 a' + X'2 sin2 B')~ 
x 
+{-sin a' cos B'(1-X,2 cos2 S,)i Hat + cos a' sin B'(1-X2 cos2 a"i H '}i 
S y 
(4.27) 
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The elemental area ds t is given by 
L2 (X2 sin2 at + Xt2 sin2 S') 
:: da t de t 
(1 - x2 cos2 at)l (1 - xt2 cos2 S,)l (4.28) 
Substituting these three equations into Equations (4,8) and (4.9) will 
give expressions for the cartesian components of the vector potentials 
Le. F x, Ax etc. Then since 
(4.29a) 
A~ :: - A sin I/l + A cos, 
'I' Y z (4.29b) 
(4.29c) 
F~ :: - F sin $ + F cos I/l 
.,. y z (4.29d) 
Equation (4.19) gives the far field components of the electric field 
in terms of these cartesian components as: 
+ A sin, cos e - A sin a) + 
z x 
sin I/l + F cos $) 
z 
~ (Fy cos, cos e + Fz sin ~ cos a - Fx sin e) 
(4.30) 
(4.31) 
These two equations therefore define the far field radiation patterns. 
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4.3.1 Radiation Due to the eHII Mode 
Consider first the exponential factor e jk L cos I/J in the inte-
grand of the vector potentials. This can be expressed explicitly 
as follows: 
A A A A 
1r = 1 cos e + 1 sin x y e cos ct> + lz sin e sin 4> (4.32) 
,. A 
r' = 1 x' + 1 y' + 1 z' x Y z (4.33) 
where (x', y', z') are the cartesian coordinates of the aperture 
point P' (L, a', 13'). Thus 
But 
L cos I/J = r' • 1 
r 
= x' cos e + y' sin a cos 4> + z, sin e sin 4> 
, 
x' = L cos a' (1 - X'2 cos2 B')~ 
y' = L sin a' sin 13' 
z' = L cos a' (1 - X2 cos2 al)! 
and with these expressions in Equation (4.34) 
k L cos 111 = f(a', a', a, ,) 
= k{ L cos a' (1 - X' 2 cos2 a')! cos e + 
L sin a' sin 13' sin e cos 4> + 
L cos 13' (1- X2 cos2 a,)l sin e sin ,} 
(4.34) 
(4.35) 
(4.36) 
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and therefore 
jk L cos $ _ jf(a',B',O,¢) 
e - e (4.37) 
Then substituting the expressions of the electromagnetic field com-
ponents of this mode (Equations (3.68)-(3.72» into Equations (4.26) 
and (4.27) the following cartesian components of the vector potent-
iala are obtained: 
F =B 
" J 
0 
F = - B 
z 
ao 211' 
0 
o 0 
j f( a' , S' , G , ~ ) 
eda' dS' 
(4.38) 
sin a'cos S'(l-X,2cos2 8')1 Lel(a',x) ~ Ecl(S') 
(l-X2 cos2 a')~ 'V dS' 'V 
+ 
, 
cos a'sin B'(1-X2cos2 a')~ ~ Lel(a' X) 
U-X' 2 cos2 8')~ da 'V ' 
jf(a' ,6' ,e,~) 
eda' dB' 
Ecl(B') 
'V 
(4.39) 
jf(a' ,e' ,e,~) 
eda' dB' 
x2 cos a'sin a' cos (3' d I I"-..... .;;.;;.;~;.......;;.;;;;;.;..--~-..:--- - Le (a' X) Ec 1 ( S ' ) 
(1-X,2 coa2 R')~ d~ v, 'V 
(4.40) 
A =-C y 
A = C z 
o 0 
nor 
0 0 
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X'2COS a' cos a' sin B' ~ Lal(a' X) Eel(S'> da' v· v 
+ 
sin a'(1-x,2 cos2 6'>' Levl(a~x) ~ Ec1(B') de v 
sin .:s' cos 13' Ec l (13') 
jf(a'.a' ,a,<ll) 
eda • dS' 
(4.41) 
ddt Lel(a.',x) 
a v v j f( a' • a' • e , ~ ) 
ada' dS' 
cos a' sin 13' Le 1 (a' X) ~ Ecl(S'> 
v • dS' v 
ao 2w 1 d 
sin S'(1-X2 cos2 a')~ --- LelCa' X) Ecl(S'> da' v, v 
+ 
jf(a' ,S' ,0,$) 
eda , dB' 
o 0 
(4.43) 
where 
-jkr L2 h(2) (kL) e 
B v (4.44a) = 
4'11'r 
e -jkr L 
.!L ~ h(2) (krUr 
= L dr v C = (4.44b) jw£ 41Tr 
and v actually stands for eVil' If these double integrals could be 
evaluated analytically closed form expressions for the far field 
radiation patterns can be obtained from Equations (4.30) and (4.31). 
Unfortunately repeated attempts to evaluate these integrals even 
approximately have not proved to be succeSsful. Hence a numerical 
integration procedure has to be used. In general it is usually 
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the patterns in the principal planes that are of most interest and 
therefore attention will be ~inly confined to these cases. The 
principal planes ar~ defined as the ¢ = 0 and ¢ = ; planes. 
4.3.1.1 The 9 = 0 Plane (E-Plane for the cHll Mode) 
For a ~iven value of a
o 
and X the intograls involved in the 
expressions of the vector potentials are functions of e and $ only. 
Let these integrals themselves be danoted respectively by 1l(O,¢) 
to 16<0,9), i.e. 
F = B 11(0,9) x 
F = B 12(6,¢) y 
• (4.45) 
• 
• 
• 
A = C I 6(6,¢) z 
In this plane 
f( ' a' a ~) = k L{cOS a' (1-X,2 coa2 a,)! cos ~ a , ~ ,V'V ~ = 0 .., v 
+ sin a' sin a' sin oJ (4.46) 
and the corresponding integrals with this expr~ssion of f(a',Gt,e,~) 
in the integrand will be denoted by Il(e,O), ••• etc. From Fig. 
(4.3) it can be deduced that due to the orientation of the aperture 
electric field about this plane, the far field azimuthal component 
E¢ will be zero. (This has also been confirmed by computation.) 
Hence from Equation (4.30) the radiation pattern in this plane 
is determined by 
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At the aperture it can be assumed as a first approximation that 
the wave impedance of the horn is the free space value. Hence 
from Equations (3.69) and (3.70) 
(4.48) 
and then from Equation (4.44a) and (4.441) it can be deduced that 
j WE: L h ( 2 ) (kL) B _ 'V 1 
- - -----..;...---- = - Z 
c ~ (r h(2)(kI'» 0 
dr 'V r=L 
(4.49) 
Thus substituting this into Equation (4.47) gives 
(4.50) 
and EO can thus be expressed in terms of the real and imaginary p,:;lrts 
of these integrals as 
E = - C k 2 e 
+ j(Is(6,O)I cos ~ - 13(9,0)1 - I (e,O)I sin eJ mag mag 4 mag 
(4.51) 
from which the normalised radiation pattern is given as 
IE I = 
!1 normalised (4.52) 
and 
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(4.53) 
since /Ee l occurs on the axis of the horn (in most cases treated). 
max 
'IT 4.3.1.2 The ~ = 2 Plane (H-Plane for the eHII Mode) 
In this plane 
cos a' (1- X'2 cos2 S')~ cos e + 
f(a' ,8' ,e,~) = k L 
ell 
11' S' (1 - X2 cos 2 a·)i sin 9 =2 cos 
(4.54) 
From Fig. (4.3) it can now be deduced that in this plane the polar 
component Ee is zero and hence the radiation pattern is determined 
(from Equation (4.31) and in a similar manner as above) by 
(4.55) 
which gives the normalised pattern as 
lEAl IE I = __ !Ioo--
¢ normalised lEAl 
Y a = 0 
(4.56) 
4.3.1.3 The Directivity 
Although experimentally measured values of the directivity 
of the elliptical horn are not available for comparison it is of 
interest to calculate theoretically the values that are to be 
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expected when it is operating in this mode in order to get an idea 
of the directional properties of the horn. The directivity of an 
antenna has already been defined in Chapter 1~ Equation (1.180). 
In this case Equation (1.182) becomes 
P(O,O) 
2Z 
o 
since E¢ = 0 at ¢ = o. 
From Equation (4.51) 
The total power radiated can be obtained from 
(4.57) 
(4.58) 
(4.59) 
Substituting the expressions for Ea and Er, into this equation gives 
002 p1.L2.1 h ( 2 ~kL) 12. 
" 
P
t 
= --_ ....... _-- PtI 2Z 
(4.60) 
o 
where 
dar dB' 
(4.61) 
Hence 
D(O,O) = 411'P(O,O) PtI 
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'If(~)2 { 2 
= P~I (Is(O,O)Real + 13 (O,O)Real] 
+ (Is(O,OlImag + 13(O'OlImag)~ (4.62) 
In deriving this equation the relation lel 2 = Z2 lal 2 bad been used 
o 
in equation (4.58). This is the final form of the expression from 
which the maximum directivity is computed. 
4.3.2 Radiation Due to oHll Mode 
For this mode of operation the cartesian components of the 
vector potentials will be similar to those of Equations (4.38) to 
(4.43) but with the even Lame functions replaced by the odd Lam~ 
funct ions i. c • 
Also v now stands for OV1I ' 
The general expressions for the far field components of the electric 
field are the same as Equation (4.30) and (4.31). However, dis-
cuss ion is again restricted to the principal planes. 
4.3.2.1 The 9 = ° Plane (H-Plane for theoHll ?~de) 
Referring to Fig. (4.3) it can be deduced that with this 
mode, the far field component Ee will be zero in this plane and 
the radiation pattern will therefore be determined solely by 
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Equation (4.31) as 
(4.63) 
Again the normalised pattern is given by 
IE",' IE I =_...I..~_ 
¢ normalised IE~I 
'j' e = 0 
4.3.2.2 The <> = f Plane (E-Plane for the oHll r4ode) 
In a similar manner to that abovo it can be shown that the 
radiation pattern in this plane is determined by 
(4.65) 
with 
IEe l 
IE I = -----
a normalised lEal 
e = 0 
(4.66) 
as the normalised pattern. 
The expression for the maximum directivity when operating in 
this mode is now given by 
[I6(O,OIImag + 12(O'OIImagJjf 
(4.67) 
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where PtI is the same as that of Equation (4.61) but with the even 
Lame functions replaced by the odd Lam~ functions. 
4.4 THE NU~ffiRICAL COMPUTATION OF THE RADIATION PATTERNS 
The integrands of the double integrals in the radiation pattern 
, 
formulae involve both the non-periodic and simply-periodic Lame 
functiuns and these together with the sets of eigenvalue pairs 
numerical integration procedure can be carried out. To demonstrate 
the methods of computations used we concentrate mainly on the even 
Lam~ functions pointing out the differences involved for the odd 
functions when they arise. 
4.4.1 The Non-Periodic Lame Functions and Associated Eigenvalues 
. d· L "f • m() It has been seen that the non-per~o ~c arne unct~on Le a,x is 
" 
a solution of the Lame differential equation given by Equation (3.47) 
with the initial conditions 
Lem(a,x) = 1 
" a = 0 
m (4.68) dLe 
\I 
(a,x)" = 0 da = 0 
Thus for any given numerical values of " and ~ it is possible to 
m d m 
tabulate values of Le,,(a,x) and da Le,,(a,x) by a numerical solution 
of its differential equation using anyone of several methods. In 
lieu of a better method of tabulating these functions, this 
numerical approach is adopted in this case and the 4th order Runge-
Kutta method of solving differential equations is used. This 
method is well known and the theory has been dealt with in standard 
text-books (see Kuol4 ) on numerical analysis and so will not be 
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given here. In this context it means the transformation of the 
Lame differential equation into a pair of simultaneous first order 
differential equations. Thus if 
(4.69 ) 
(4.70) 
the following pair of simultaneous first order differential equations 
can be obtained from Equation (3.47): 
(4.71) 
dY2 _ X2 cos a sin a [v(v+1) X2 sin2 a - T] 
~- - ~- - ~ (1-X2 cos2 a) (1-X2 cos2 a) 
(4.72) 
The initial conditions of Equation (4.68) will serve as the starting 
values for the numerical process. The main reason for working with 
the trigonometric form of the Lame differential equation rather than 
transforming to an algebraic form first (i.e., by letting x = cos a) 
is that for X < 1 there is no sinSu1arity along the real a axis. 
From Equation (3.47) it can be seen that the singularities of the 
differential equation are given by 
cos a = ±! X (4.73) 
or 
a = ± mr ± j log (l+~' ) U-X') 
n being an integer. 
Thus the singularities lie in planes parallel to the real a axis 
when 0 < X < 1. When X = 1 (X' = 0) the equation becomes the 
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Associated Legendre equation and there will be singularities at 
zero and integral multiples of ~ as would be expected. More-
over when X = 0 <Xl = 1) when the equation degenerates into the 
simple harmonic equation there will not be any singularities in 
the entire complex a plane. Thus since only reul values of a and 
values of X ~ 1 will be concerned in this investigation difficulties 
regarding singular points during numerical computations do not arise. 
On the other hand the algebraic form of the Lame equation which is 
given by 
d2A xC 1 + X2 X2}~ t --dx2 - x2 1 - X2 
{V(V + 1) X2 T 
1 - X2 x2 (l - X2 x2)(l - x 2 ) 
has five singularities at x = ± 1, ±! and Clh 
X 
}A = 0 (4.75) 
So far no restriction has been placed on the numerical values of 
v and T. However. it bad already been seen in Chapter 3 that for 
the eHll mode of operation v must satisfy the boundary condition 
dd Lel(a,x>, = 0 a v a = a o 
(4.76) 
and v = eVil must be the lowest root of this equation. Moreover 
T must be related to VII by the infinite transcendental continued 
e 11 e 
fraction given by Equation (3.103). To obtain this set of eigen-
value pair for a particular set of horn parameters. the following 
iterative procedure is used. 
(i) A trial value. vt • for eVil is first assumed. This trial 
value must be so chosen as to ensure that after 'iteration it 
will produce the lowest root. 
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(ii) The corresponding value of T is then calculated from the 
infinite continued fraction. 
(iii) Using the Runge-Kutta technique and an appropriately chosen 
value of step length the values of LeI (a,x) and ~ LeI (a,x) 
vt a vt 
are then computed at various points in the closed range 
o < a < a. The value of --dd Le l (a,x)/ __ N is examined. 
- 0 a vt a ~o 
If this is not zero to within some chosen value of accuracy 
6 
(t~pically 10- ) but positive/negative then the trial value 
Vt is increased/decreased by one and the process is repeated 
again from step (il). Thus suppose that after a few itera-
tions v = VI gives a positive value of dd LeI (a,x) 
t a v a=a 
1 a 
and v = v • where v - VI = 1, gives a negative value of t 2 2 
--dd LeI (a,x) _ then the correct value of v will be 
a v 2 a - '\.l e 11 
such that VI < eVIl < V2" 
(iv) With these two trial values v l and v2 , a more accurate value 
of eVll is then determined by the method of "false positional! 
(regula falsi). 
(v) Finally after calculating eVIl and eTll' the Runge-Kutta 
process yields the values of Le1eVlI(a,x) and ~ LeleVll{a,x). 
A final check is then made to see that the zero of 
~ LeleVll{a,x) at Q = Qo is indeed the first zero. 
To obtain the values of (ov1l'oT ll), LoloVll(a,x) and 
JL Lol" (a,x) the following initial and boundary conditions are da ovll 
used instead of those given by Equations (4.68) and (4.76): 
Lo~Vll (a,x )/a = 0 = 0 
(4.77) 
~ LO~Vll (a,x) / = 1 
a = 0 
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(4.78) 
Of the various steps involved in the computational procedure, 
probably only steps (ii) and (iv) needs elaborating. However, 
step (iv) which involves root searching using the method of "false 
positions" has also been adequately described in some text-books 
(e.g. see Kuol4 ) and need not be discussed here. 
4.4.1,1 The Computation of T 
We need to compute eTll from the infinite continued fraction 
given by Equation (3.103) and it can be seen that 
eTll is a 
function of both eVil and X'. In the literature on simply-periodic 
Lame functions, it seems that 15 so far only Ince had calculated a 
small table of values of T for various values of X' and integer 
values of v. The method that Ince used is similar to that which 
he used for computing the characteristic values of the Mathieu 
functions as described in Chapter 1, i.e. by truncating the infinite 
continued fraction after a sufficient number of terms and then using 
a trial and error and interpolation procedure. For values of X'2 
approaching unity an extra correction term had to be added as well. 
This procedure therefore proves to be rather tedious and a matrix 
method is used instead. As in the case of the characteristic 
equation of the Mathieu functions, Equation (3.103) can be ex-
pressed in the infinite determinantal form: 
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o o 
o 
o 
• 
• 
= 0 
(4.79) 
Thus 2 L is the lowest eigenvalue of the infinite tri-diagonal matrix e 11 
o 
Q = o 
(4.80) 
This matrix, unlike that involved in the Mathieu functions is not sym-
metrical, but the practical evaluation of eT11 again requires the trun-
cation of the matrix. Let this truncated matrix be denoted by Q 
n 
where (n x n) is its order. However, in applying Wilkinson's Bi-
section method to obtain the eigenValue eTll (which was used in the 
case of the Matheiu functions characteristic values) care had to be 
exercised. This is because Wilkinson's procedure is only applicable 
to symmetrical and quasi-symmetrical tri-diagonal matrices. In the 
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case of the Mathieu functions the characteristic matrix is symmetrical 
and so the method is generally applicable without restrictions. In 
this case it can be seen from Equation (4.80) that Q is not symmetrical. 
n 
However, fOr certain values of v it can be proved that the matrix will 
satisfy the conditions of 'quasi-symmetry'. A matrix of order n is de-
fined as 'quasi-symmetrical' if its elements are such that 
(q •• 1) x (q. 1 .) > 0 for i = 1 •••• n-1 1,1+ 1+,1- (4.81) 
It will now be proved that if v is an integer or a fractional number 
whose integer part is an even number, then Q will be quasi-
n 
symmetrical. 
From Equation (4.80) it can be deduced that 
qi . 1 = ! (v - 2i) (v + 2i + 1) X,2 
,1+ 
= ! (v + 2i) (v - 2i + 1) X'2 
Hence 
Let 
T = ,,2 _ (2i)2 
T = (" + 1)2 - (2i)2 
To prove that P > 0 it is only necessary to Show that T T > 0 
- 1 2 - • 
(4.92) 
(4.84) 
(4.85) 
(4.86) 
The product Tl T2 will be positive or zero only under two conditions. 
These are 
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(ii) Tl and T2 both < ° 
From Equations (4.85) and (4.86) it can be seen that for T1 > 0, 
i ~ ~ and for T2 ~ 0, i ~ ~ + ;. 
Since i ~ ~. i ~ f + ; for positive \I, condition (1) gives the re-
lationship 
i < ~ for P positive. 
- 2 
\I ° . \I 1 Also for T 1 < 0, i > 2 and for T 2 < ,l. > 2 + 2· 
• • \I 1 .. . \I f • t . \I d • t . ( i . ). th Sl.nce l. > 2 + 2~l. > 2 or POSl. l.ve ,con l. l.on l. gl.ves e re-
lationship 
• \I 1 f .. P l. > '2 + '2 or posl.tl.ve • 
Combining these two relationships shows that P will only be negative 
if i and \I are related such that 
\I \I 1 
-<i<-+-222 (4.87) 
or more elaborately, the matrix ~ will only be 'quasi-symmetrical' 
under the following three conditions: 
(i) the largest value of i which is (n - 1), is less than ~ 
(ii) v must be an integer 
(iii) v must be a fractional number whose integer part is an even 
number. This latter condition arises because i can only take 
integer values. 
Thus for any \I whose numerical value satisfies anyone of the above 
conditions, its associated T can be obtained by Wilkinson's Bisection 
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method. If v is a ~ac.tional number whose integer part is an odd 
number, the method will fail. In these cases, an approximatp value 
of T can be obtained by interpolation from those obtained with in-
teger values of v and such an interpolation method was devised and 
used in the beginning. However, in a recent paper Wilkinson et. al. 16 
have published another program for the computation of the eigenValues 
of an upper Hessenberg matrix using the Francis QR algorithm. This 
procedure is valid for non-symmetrical matrices. Hence since a tri-
diagonal matrix is a special form of an upper Hessenberg matrix, the 
procedure can be used for computing T for any numerical value of v. 
A disadvantage of this procedure is that it involves a longer com-
puting time to get an eigenvalue than the Bisection method. In 
spite of this disadvantage, it is better than the interpolation 
method and in the final computer program, this method is used when-
ever v fails to satisfy the condition of quasi-symmetry. To ob-
tain the eigenvalue pair (ovII , eLII) it is only necessary to re-
place the ; by ~ in the third term of the first element of Qn. This 
method of computing eT11 and oTll produced results which are in ex-
cellent agreement with those of lncelS • For large values of v the 
asymptotic relationships of Equations (3.105) and (3.106) are used to 
provide an estimate (or check) of T. In general a truncated matrix of 
order (30 x 30) is sufficient to produce an accuracy of up to four 
decimal places for the range of horn parameters considered in the 
project. 
In order to illustrate some of the results obtained by this whole 
procedure a plot of some computed curves of the non-periodic Lame 
functions Le! (a,x) and Lo! (a,x) and their derivatives are shown 
in Figs. (4.4) and (4.5) respectively. Graphs showing the variation 
of the eigenvalues eVil and oV11 against ao for various values of 
aspect ratios (which is related to X· 2) have already been shown in 
Fig. (3.2). 
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~ 4.4.2 The Periodic Lame Functions 
It had already been stated in Section 3.3.3 that the simply 
~ periodic Lame functions can be expressed as infinite series of 
Trigonometric functions whose coefficients satisfy three terms re-
currence relationships. Once these coefficients are computed these 
series can be summed in the conventional way. 
Es 1(S) the recurrence relationships are given by Equations (3.99) 
v 
to (3.102). It can be seen that apart from the more complex multi-
plying factors of these equations they are similar to those en-
countered in the case of the Mathieu functions. Thus these co-
efficients can be computed in the same manner. 
Let 
= 
A2r+3 for Ec~(B) v2r+l A2r+l 
(4.88) 
= 
B2r+3 for Es 1(S) 
B2r+l v 
Then from Equations (3.99) to (3.102) 
for EC!<S): 
v = - ---------------------------1 (4.89) 
i(v - 2)(v + 3) X,2 
v2r-l = ----------------------
(4.90) 
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[2 - X'2 - l (v + 1) X'2 - 2T] v = _ __ ________ ~2 ________________ _ 
I lev _ 2)(v + 3) X'2 (LI-.91) 
with v2r_l exactly the same as above. As in the case of the Hathieu 
functions these coefficients are determined only up to a mu1tiplica-
tive constant and to obtain absolute values for them the normalisation 
procedure of Goldstein which was used for the Mathieu functions is 
also adopted here, i.e. 
o o 
The computation of the characteristic numbers T had already been 
described in Section 4.LI-.l.l and hence from this stage the com-
putation of the coefficients A2r+1 and B2r+l follows exactly the 
(4.92) 
same pattern as that used for the Mathieu functions. In the vector 
~ 
potential integrals, the value of these Lame functions and their 
derivatives are required at intervals (depending on step length) 
over the whole domain 0 ~ ~ ~ 2 w. However because of their 
w periodicity only values within the range 0 ~ a ~ 2 need to be com-
w puted by the above method. In the range 2 < a < 2w the values of 
these functions are given by 
Ec l - Ecl 
v v 
w (~ + B) = (- - B) 2 (4.93) 
Esl Esl 
v 'V 
Ecl - Ecl v (w + B) = v (B) (4.94) 
Esl Esl 
v v 
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, , 
Ec1 Ec l v v w S) w (4.95) (- + = (- - S) 
t 2 , 2 
Esl 
- Esl 
v v 
, , 
Ec l Ec l v v 
(w + a) 
- -
(a) (4.96) 
Es1 
, 
Esl • 
v v 
A representative selection of these simply periodic Lam~ functions and 
their derivatives is shown in Fig. (4.6) for the even functions and 
Fig. (4.7) for the odd functions. 
4.4.3 Further Computational Details of the Radiation Formulae 
In computing the double integrals of the vector potentials the 
integrands are first computed and then stored in the form of double 
arrays, the number of elements being dependent on the step lengths 
used and hence on the horn dimensions. In the variable S the step 
length used varies from between 210 to sa intervals and in the a 
Variable the step length is usually between ,0 to 110 degrees. The 
integrations are then performed using the Simpson's procedure. Two 
main computer programs have been developed by the author in the 
ALGOL language, one for computing the patterns in the principal 
planes for the eHll mode of operation and the other for the oHll 
mode. Apart from the differences already pointed out they are 
essentially similar. Unfortunately the programs are too lengthy 
for inclusion in the Thesis and hence only a simplified flow chart 
of the complete procedure is shown in Fig. (4.8). The symbols 
used in the chart, e.g. rectangular boxes, etc., are those given 
in McCrackenl ? In order to simplify the chart a fair amount of 
intermediate print-out, comment, checking, accuracy assignment, etc. 
statements have been left out as well as certain steps taken to 
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Symbols Used 
D2RKFO = Subroutine for 4th order 
Runge-Kutta method of solving 
differential equations. 
BISECT = Subroutine for computing the 
eigenvalues of a matrix using 
the bisection method. 
HQR = Subroutine for computing the 
eigenvalues of a matrix using 
the Francis QR method. 
FALSI = Subroutine for root searching 
using regula falsi method. 
FSIMPS = Subroutine for evaluating inte-
grals using Simpson's rule. 
p = a counting symbol. 
"t = trial value of mode number. 
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= 
= EC~ (8) or ES~ (8) 
f - frequency. 
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Other symbols have been defined either in 
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reduce computing time. In the actual pl"Ogram several intermediate 
loops are included to compute, for example, the patterns of a given 
horn over a range of frequencies. In each case the step lengths 
must be appropriately chosen to ensure sufficient accuracy. Thus 
it can be seen from the chart that for a given horn the input data 
consists of only four numbers, three of which to specify the horn 
geometry (aspect ratio, minor axis and axial length) and the re-
maining one as a trial value for v in the iterative process. 
4.5 RESULTS AND CONCLUSIONS 
As had already been discussed in Section 4.2, the experimental 
horns were constructed to accept a rectangular waveguide feed opera-
ting in the dominant H01 mode. The feed was arranged to be polarised 
parallel to either the minor axis or the major axis plane of the horn. 
These two arrangements have been identified to correspond to the H 
ell 
anti H modes of operation respectively. 
o 11 
Only a small numberof experimental principal plane patterns 
of horns operating in the H1 mode "'e~available and these are shown 
e 1 
together with the computed ones in Figs. (4.9) to (4.12). A half 
of each pattern is shown since the theory is symmetrical, with re-
spect to the polar angle at about the axis of the horn. In some 
experimental patterns it was found that the two halves of a pattern 
are not quite symmetrical about the polar axis but where such dif-
ferences occur, the average of the two halves is used to obtain the 
experimental points shown. This also applies to the experimental 
patterns of the oH11 mode which will be discussed later. 
From these figures it can be seen that for Horn (A) there is 
very good agreement between theory and experiment in both the E 
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and H planes. One unusual feature of this particular horn that was 
observed experimentally is that the 3 dB beamwidth of the pattern in 
the E-plane (which is physically the narrower plane) is much smaller 
than that of the H-plane pattern. This can be seen to be verified by 
the theory. For the corresponding uniform waveguide case it was con-
cluded in Chapter 1 that the E-plane 3 dB beamwidth will only be 
smaller than that of the H-plane when the aspect ratio of the guide 
is greater than about 0.8. The horn shown has a aspect ratio of 
0.5. Thus this feature must be due to some effects introduced by 
the tapering of a uniform waveguide into a horrh This point will 
be taken up aguin later. In the cases of Horns (B) and (e) only 
the H-plane patterns show good agreement. The disagreement between 
the E-plane patterns could be due to various causes. Firstly there 
is the p0ssibility of experimental errors. This is especially 
probable for Horn (D) for some doubt had been expressed by the experi-
menters regardine the accuracy of the experimental results for this 
horn. Secondly some minor inaccuracies could be due to the inherent 
approximations of the aperture field nlethod of calculating the 
theoretical patterns. This should affect the E-plane patterns of 
Horn (C) more than those of Horn (D) since the E-plane aperture 
dimension of Horn (e), at approximately 3/2 A, is much smaller than 
that of Horn (D) which is approximately 5/2 A. However, a very prob-
able cause for the discrepancy between the theoretical and experi-
mental E-plane patterns is the fact that the experimental horns are 
net exactly elliptical in shape. In practice it is very difficult 
to construct horns, especially of small aspect ratios, whose cross-
sections are perfect ellipses whereas the theoretical patterns are, 
of course, calculated for such ideal horns. Should this be the 
reason for part of the discrepancy~ then from the figures it can be 
deduced that the E-plane patterns are more sensitive to such 
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departures of the experimental horns from the perfectly elliptical 
one. For Horn (D) only the half-power beamwidth of the H-plane 
pattern is available although it is known that the E-plane half-
power beamwidth is approximately twice that of the H-plane at 7 GHz. 
Thus as far as half-power beamwidths are concerned this agreement is 
quite good. 
To examine the dependence of the pattern beamwidths on frequency, 
the beamwidth/frequency response curves of Horns (A) and (D) are shown 
in Fig. (4.13). For Horn (D) only the H-plane response curve is 
shown since no experimental results are available for the E-plane. 
As can be seen, the theoretical curve for this horn is almost flat 
throughout the frequency range considered whereas the experimental 
one has a rather wavy character which is not obtained by the theo-
retical mo~el. This 'waviness' could be due to experimental in-
consistences. Nevertheless agreement between the two curves is 
good to within two degrees and the property of beamwidth/frequency 
independence (to within approximately 1° experimentally and 0.20 
theoretically) in this frequency range has been exhibited by this 
horn. However this property is only exhibited by the H-plane patterns, 
for Fig. (4.12) shows that the E-plane beamwidth is very frequency 
dependent and decreases with increasing frequency. This E-plane 
beamwidth/frequency dependence is also true of all the other experi-
mental horns operating in this mode. On the other hand not all horns 
operating in this mode will possess a beamwidth/frequency independence 
property in the H-plane. This is demonstrated by the response curves 
for Horn (A) (Fig. (4.l3b» which shows the H-plane half-power beam-
width increasine steadily with frequency. Incidentally the theo-
retical and experimental curves are in much better agreement for this 
horn. Thus there must be some combinations of the various horn 
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parameters which will provide the suitable conditions for this pro-
perty to occur. A more systematic study of these conditions will be 
discussed later. 
Another noticeable feature of these horns is that the E-plane 
side-lobes are always higher than those of the H-plane. This has 
also been observed in the radiation patterns of the corresponding 
uniform waveguide mode (Chapter 1). 
For a elliptical horn operating in any given mode the radiation 
patterns are dependent on three physical parameters. These are the 
full flare angles in the minor and major axis planes (denoted by 8
b 
and 9a respectively) and the ratio La/'). (axial length/wavelength). 
Specification of the two flare angles automatically fixes the value 
of the eccentricity or aspect ratio of the horn. Fig. (~.l~) shows 
the computed patterns for a horn with 6b = 10° and Sa = 30
0 and with 
L / as the variable parameter. For a given fixed value of L , this 
a '). a 
figure therefore essentially shows the variation of the patterns with 
frequency. In the horn of Fie. (~.IS) the angle 9b is increased to 
150 t all other parameters remaining the same. From these figures it 
can be observed that the half-power beamwidths in both planes de-
crease with increase in frequency, but in the Ii-plane there will be 
a point beyond which further increase in frequency (at least over a 
limited range) will not alter the beamwidth appreciably. Hence once 
again it has been demonstrated that beamwidth constancy over a fre-
quency range can be achieved in this plane. It is also evident that 
when 8b is changed from 10° to 15
0 the E-plane patterns are sharpened 
whereas the H-plane patterns are not altered significantly. In other 
words t the E-plane patterns al'e much more sensi ti ve to changes in the 
minor axis when the major axis of the horn is fixed. This feature 
has also been noticed in the corresponding uniform waveguide patterns 
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for this mode and is due to the fact that it is the aperture di-
mension in the E-plane that is increased by this process. How-
ever in the case of a horn~ this insensitivity of the H-plane patterns 
to changes in 9b will only be strictly true fer horns of small or 
moderate flare angles and lengths for as will be seen, with large 
flare angle horns uf longer lengths, aperture phase error effects, 
not present in a uniform waveguide, will alter the patterns to some 
extent. 
In the next series of patterns shown in Fig. (4.16) the para-
meters La/A and 9L were kept constant and Sa was altered. With this 
process the H-plane 3 dB beamwidth is seen to decrease initially nnd 
then increase with e whereas changes in the E-plane 3 dB beamwidth a 
are slight although the side-lobes have increased. These effects 
are due to a combination of two opposing factors which are: 
(1) Expanding aperture which tends tc decrease the beam-
width and 
(2) Aperture phase error effects which tend to increase 
the beamwidth. 
Therefore when Sa is increased the first factor will initially be 
dominant causing the H-plane beamwidth to decrease but when e is 
a 
sufficiently large the second factor becomes more dominant thus in-
creasing the beamwidth. In the E-plane the first factor seems to 
be always dominant in the range of parameters considered thus de-
creasing the beamwidth. The decrease is very slight since the minor 
axis is not altered. 
A comparison is now made between the horn patterns and those 
due to the corresponding mode in a uniform elliptical waveguide. 
This will add further insight into the nature of the phase variation. 
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It is well known that the radiation patterns of horns of small flare 
angles are apprJximately similar to thosE of a uniform waveguide 
(cperating in its equivalent mode) whose cross-section is of the 
same dimensions as the horn aperture. This is especially true as far 
as the half-pcwer beamwidths are concerned. In Fig. (4.17) are shown 
the cOmputeG patterns, at two fre~uencies, of a horn of 9b = 15°, 
9 = 20° and L = 50 em in comparison with those obtained for the 
a a 
equivalent uniform waveeuide. Patterns for smaller flare an~le 
horns are also available for comparison but these are not presentee 
as the case given here is sufficient for the purpose of illustration. 
Moreover it also represents almost the limiting values of flare angles 
for which reasonably good agreement is obtained between the horn and 
guide patterns. It can be seen that both the beamwidths (H-plane) 
and siue-luves of the horn patterns are slightly larger than those of 
the guide patterns and the minimas of the horn patterns are raised. 
These effects shown by the horn patterns suggest the presence of a 
quadratic-type phase variation across the horn aperture. That this 
is so is not too surprising for it has been shown in Chapter 3 that 
the radial variation of the fields inside the horn is governed by 
the spherical Hankel functions resulting in waves with spherical phase 
fronts. Across the plane aperture of the horn there is therefore a 
quadratic-type phase variation. The magnitudes of the phase variation 
will be different in the two principal planes since the slant lengths of 
the horn in these planes are different. Quadratic phase variations 
are also present in the apertures of rectangular and circular cross-
sectional horns. In fact one common approximate method of calcu-
lating the radiation patterns of horn antennae of moderate flare angles 
is to assume the aperture field of the horn to be composed of the 
uniform waveguide field with a quadratic phase variation across it. 
In the H-plane patterns of Fig. (4.17) the effect of the phase variation 
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has cause~ the side-lobes to ~e absorbed into the main beam (especially 
for the 12 GHz pattern) resultin~ in a smoother H-plane pattern. The 
effect cn the E-l)lane patterns is less pronounced because for this 
me '.~e the E-t~ lane is the physically narrower plane. 
With the presence of phase error effects in a pattern it is dif-
ficult tc speak cf side-lobes in the strictest sense of the word, 
fer while there Jre always clearly defined null points in a zero phase 
error pattern with side-lobes (e.~. patterns of a uniform elliptical 
waveSui.'e) this is nu lonr~er true for patterns in which a phase error 
is prese;)t. Very frequently some side-lobes (especially the first) 
in a p3ttern, where phase error is absent, are rnereed into the main 
~eam when a phase error is applied Se that the side-lobes may appear 
as 'kinks' in the main beam. In some cases the merging is so com-
plete that even these 'kinks' are not clearly noticeable and the beam 
is then smuoth and relatively free of lebe structure. Under such 
circumstances a discussion of side-lobes can sometimes be rather vague. 
However in lieu cf a better definition in the following investigation 
of the factors affecting the side-lobes of the horn patterns, the 
word 'side-luLes' will be very loosely used to include those 'kinks' 
which arc quite clearly noticeable. These factors can be deduced 
from Fi~s. (4.18) tL' (4.20). These patterns were obtained by first 
fixing the values of 8
a 
and La and varyinr eb and then keeping eb 
and L constant and varying e • 
a a 
A study of these patterns reveal 
the followinti conclusions as regards side-lobes. 
(1) For the horns considered here, the H-plane ratterns are 
not much affected when e
a 
is kept ccnstant at 300 and 
8b v~ied from 10c to 25°. The patterns are only 
sliGhtly 'smoother' below the -30 dB point when 9b 
is smaller. In general these patterns are relatively 
free of any lobe structure. 
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(2) The E-plane side-lobes are rather high for this mode 
~f cpcration and are more clearly defined. They 
ranEe ~m ~etween -10 to -15 dB. With e constant, 
a 
the sile-lobes increase with e!:>. This is mainly due 
to the intr0ductivn of lareer phase errors as 6b is 
sten:ed UlJ· 
Keepinf 6b constant at 15° and increasing 
tv 500 decreases the H-plane side-lobes. 
reaches 30° the H-plane pattern is already 
Sa from 20° 
When S 
a 
relatively 
free of any lobe structure. Further increase serves 
t~ snc~then uut the pattern almost completely. The 
hiehest side-lebe observed in these patterns is a~und 
o 0 
-24 CD. when 6b = 15 and Sa = 20. This can reduce to 
less th~n -45 dB when e is increased to 50°. On the 
a 
whole very 
by kcepin£ 
c 
small (10 
low side-lobe H-plane patterns can be achieved 
Sa large (approximately 40° to 50°) and 8b 
to 15°). As for the E-plane side-lobesthese 
also increase in ~agnitudes as a is increased and are 
a 
also generally hiSh at around -10 to -15 dB. Thus it 
can ~e concluded that while it is possible to obtain 
low side-lobe radiation in the H-plane by adjusting the 
h.--rn parameters, it does not seem possible to do this for 
the E-plane patterns. 
It has 3lrea~:y been stated in connection with the discussion of the 
properties of Horn (A) that anelliptical horn will only exhibit a pro-
n0unced beamwicth/fNquency independence prt")perty in the H-plane with 
suitable cvmbinations of the horn parameters. For a given frequency 
rande of operation it is not only 8b and Sa which decide these con-
ditions but also the length, L t of the horn. 
a Thus even though a 
horn with a fixed set of values for 9a , eb and La do not exhibit this 
property over the specified frequency range it could possibly be ma~e 
to do so by just alterin8 the leneth of the horn. This can be seen 
from the patterns shown in Fig. (4.14) where beamwirlth constancy is 
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fcund tu 0CCur only OVer a suitable range of L / (i.e. for a given 
a A 
ran~e of frequencies this prcperty occurs only when the horn length 
is suitably chosen). Therefore the beamwidth/frequency response 
prcr_erties of these horns are best investigated with L I as A. vari-
a A 
able parameter. In this way the effects of changin~ horn length 
for a iiven frequency of operation can also be studied at the same 
time. 
The effects :on the half-power beamwidths in both planes due to 
varying these physical parameters of the horn are shown in Figs. 
(4.21) to (4.23). It must be menti'.)ned that for each combination 
of Sa and Sb the 3 CD beamwidths were actually computecl. for values of La/). 
svaced at intervals of about 3.0. Computing at closer intervRls will 
add further to the already fairly lar8e amount of computing time in-
volved in obtaining these curves. Thus there could be some variations 
in bea.nwidths between these computeJ points but these should be less 
than about 1° in most parts ef these curves, since theoretically at 
le~stt any changes in beamwidths shoulc occur gradually. Nevertheless 
the generally effects of varying La/). on the beamwidths can be quite 
clearly seen. Horns in which Sa is greater than 50° are not considered 
in order to work within the preliminary assumptions of sincle mode 
theory. The main conclusions that are of importance here are: 
(1) For the range of horn parameters considered, the E-plane 3 dD 
beamwidths decrease monotonically with increasing L I (or in-
a). 
creasin8 frequency for a given La) except for large values of 
L / when the decrement is very slww. It therefore seems pos-a >. 
sible to achieve some approximate beamwidth constancy in this 
plane but one has to use a fairly lon~ horn (greater than about 
2S A) to do this. Moreover all these curves are seen to ten~ 
o 0 to a beamwidth of between 5 to 7 so constancy of beamwidth 
outside this range does not seem possible. 
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a for small flare angles (Sa - 20 or less) the H-plane 3 dB beam-
width show substantially the same behaviour, with varying La/~, 
as th.3 f>plane beamwidths. Thus frequency independence of beam-
width is not achievable even by altering the aspect ratio unless 
This is in accordance with the corresponding 
uniform waveguide case where beamwidth/frequency independence is 
not obtainabl~ for all aspect ratios. 
When a is made larger frequency independence of the half power 
a 
H-pl3ne t-eamwidth (within some specified limit of variation) can 
be obtained under certain combinations of e , 9b and L I . a a ~ From 
the curves available this property is seen to be more pronounced 
when the aspect ratio is small (around 0.3) and a is between 300 
a 
o to SO • for a given frequency range of operation a longer horn 
length is needed to achieve this property when e is in the lower 
3. 
end of this range. These observations suggest a probable reason 
for the occurrence of this effect. It is known that large phase 
errors across a radiating aperture can cause the increase of the 
beumwidth with frequency. However, for a given aperture size, in-
crease in frequency will decrease the beamwidth. Thus these two 
opposinL effects could conceivably produce beamwidth frequency 
independence. But phase errors alone may not be sufficient to 
cause this independence of beamwidth OVer a broad frequency band 
for this pr~perty is much less ?ronounced in, for example, circular 
and sectoral horns. Thus it could ~e ~ttri~utable to a suitable 
combinaticn of field tapering and phase error effects in a 
elliptical horn. Although some of these curves show an almost 
flat response ever a wide range of La/A' the range of frequency 
depencence is limited by the band of frequencies over which single 
mode operation is possible in the horn. This is because these 
(4 ) 
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curves are obtained under the assumption that only the H mode 
e 11 
is propngating in the horn. For example, for a horn of Sb = 15°, 
6 = 400 and L = 50 cm, Fig. (4.22) shows a theoretical H-plane 
a a 
o 0 beamwidth of 15 - 16 ever the frequency band of approximately 
4, t.) 14 GHz. However if the feeding ~uide is a standard X-band 
dominant mode rectaneular waveguide it will be below cut-off in 
the lower end of this band which means that the horn will not 
raJiate. In the upper ranee of the band the feeding guide will 
be overmcded in which case these results do not apply due to the 
presence of hiEher order modes in the horn. In such cases the 
bandwidth of the horn is limited by the bandwidth of the feedin8 
guide. 
As e is increased to 200 the range of L IA over which beamwidthl b a 
frequency independence occur in the H-plane is shortened but 
the E-plane response curves are 'flatter' than when 6b is small. 
This suggest the possibility of obtaining beamwidth/frequency 
independence in this plane, within a reasonable range of L lA, 
a 
if a, is further increased • 
..) 
However on increasing Sb to 300 
it was noticed that beam splitting had occurred when LalA was 
around 15 and bearnwidth constancy in both planes is not observed. 
The response curves for this horn are shown in Fig. (4.24). This 
effect is caused by excessive phase error across the horn aperture. 
Under such circumstances beamwidth characterisation in this way 
would not be very meaningful. Thus for a wider ranee of H-plane 
beamwidth/frequency independence without beam splitting the minor 
axis plane flare angle ab should be kept small at around 10°_15°. 
(5) Since the H-plane beamwidth can remain approximately constant 
over a range of L IA whereas the E-plane beamwidth decrease mono-
a 
tonically over the same range, it is possible to obtain E-plane 
~atterns which are much narrower than the H-plane patterns (even 
thou~h the H-plane is the physically wider plane) for horns other 
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th,n nearly circular cnes. This explains the unusual feature 
ncti-:<!~ in }iorn (A) of Fie. (4.9). Similarly equal bcamwidths 
in ~K)th pl~nes is achievea'l)le for horns of various aspect ratios 
althou~h this may only occur at one frequency fer a given horn. 
(6) Fer small flare angle horns and a fiven frequency of operation, 
the ~eamwidths in both planes decrease with an increase ef the 
l~ngth. However there is point beyond which further increase in 
length J;:. ~t decrease the 'Jeamwidths very appreciably. 
(7) Fer lar£er flare angle horns the H-plane beamwidth will initially 
Jecrease with increase cf the length, remain approximately constant 
over a rant;e Je~.'ending vn the flare angles and then increase with 
length. The E-plane beamwidth will also show an initial de-
creoent ant~ then increment with increasing length when the minor 
axis plane fl~ anale is large. 
With the available results it is difficult te obtain empirical 
analytical f~rmulae to eive approximate values of the beamwidths for 
a &iven horn and frequency of operation as was done in the case of the 
18 sectoral horn • However, the curves eiven will serve as guidelines to 
the ~~amwi~ths expected for a given horn design if it is within the 
range of the ~arameters ccnsidere~ here. 
For the "H 11 mc:ce (f operation, experimental patterns are more 
readily avail~le. A representative selection of these for horns of 
various aSt-ect ratie-s are shown in Figs. (4.25) to (4.29) together with 
the the~retically computed ones. As can be seen agreement between 
the thecretical and experimental patterns is very good in both planes 
in general except fur Horn (1<) of Fig. (4.29) where the E-plane experi-
mental pattern is a fair bit sharper than the computed ene. As this 
horn has a very small aspect ratio (0.2) it is probable (as already 
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explaineJ fur the H moJe) that some of the discrepancy could be due 
e 11 
to the ext'erimental horn not being perfectly elliptical in shape. 
Patt~rns of several other experimental HI mode horns are also avail-
o 1 
able and these have also been found t;:· agree favourably with the computed 
ones exce~t for the E-plane ~.:ltterns of horns with aspect ratios around 
0.2 or less. In the latter cases the disa~eement between the 
thecretical an,~ experimental half-power beamwidths varies from between 
This mode of operation can also exhibit an unusual feature 
with reea~js te its beamwidths. This can ~e seen in Hem (J) where 
the pattern in the H-plane (which is now the physically narrower plane) 
is sharper than that of the E-plane. For the correspondinv. uniform 
waveguide case (see Chapter 1) such a feature was not observed. As 
will be seen later this unusual feature is abain due to phase error 
effects. Another noticeable feature of this mode of operation is 
that the E-plane patterns are relatively free of side-lobes when the 
aspect rativ of the horn is small. 
A similar comparison between horn patterns and uniform waveguide 
tJatterns for this mcde is shown in Fig. (4-.30). Both the beamwidth and 
side-lobes of the horn patterns in the E-plane (the physically broader 
plane), show again the effects of a quadratic-type phase variation 
across the hurn aperture but agreement is still very good ~s regards 
beamwidth. 
Following the S3me line of investigation as for the eHll mode, 
three typical series of theoretical patterns for the HI mode are 
o 1 
shown in Figs. (4-.31) to (4-.33), the parameters chosen being the same 
as those of the H mode horns of Figs. (4.14-) to (4.16) respectively. 
e 11 
comparing these series of patterns with the corresponding ones of the 
eH11 mode it can be seen that in most aspects concernin£ the beamwidth, 
the E- and H-plane patterns of the H mode hehave in a similar manneras the o 11 
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H- dnd E-rLme puttems respectively of the eH 11 mode. Thus for the 
H mode it is the E-Flane beamwidth that shows the possibility of 
a 11 
a frequency independent property. This is because the E-plane is now 
the physically wider plane hence allowing sufficient phase variation 
across it for this property to exist. 
From the conclusions of Chapter 1 it can be expected that the 
E-plane siJe-Icbes will be low when the vulue of the aspect r~tio of 
the horn is small. Distinct E-plane side-lobes are not quite noticeable 
in the exporimental patterns presented here because of the presence of 
quadratic phase error across the hem aperture but the E-plane patterns 
of Horn (F) which is nearly circular do exhibit some uneveness that is 
causeJ by the merging of the side-lobes into the main beam. The effects 
on the sida-lobes when e a and ab are varie("! can be seen more clearly 
from the computec ~atterns of Figs. (4.34) to (4.36). These are obtained 
by keeping e
u 
constant and varyinp" O. ."lnd vice versa, the axial length 
- "l 
L being kept const.:mt all the time. Certain conclusions as regards slde-
u 
lo!:;es can be ~a\m from these figures. These are: 
(1) The E-plane side-lobes are low when the aspect ratio of the horn 
(2) 
is small. This has already been ubserved experimentally and is in 
accorGuncc with the results derived for the corresponding mode in a 
uniform elliptical waveguide. As in the case of the unifom wave-
guid~ this is due to the increase in aperture field tapering when 
the aspect r~tio is reduced. Side-lo~es of less than -40 dB Qre 
theoretically possible with horns of small aspect ratios around 
0.3-0.2. 
With J constant the H-plane pattern side-lobes arc increased when a 
0b is stepped up. This is caused by the introduction of larger 
phase errors in the process for in the corresponding uniform 
- 223 -
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wav~ .uide case, varying the minor axis does net chan~e the side-
lcbes in this plane significantly. 
( 3) Wi th \ constant, the H-p1ane s ide-lobes also increase slif,htly 
with 0 • 
a In general for the horns considered here the H-plane 
si~e-lobe level is arcund -20 dB or less. 
The variation of the 3 dB beamwidths with frequency for five typical 
experimental 0Hll mode horns are shown in Figs. (4.37) and (4.38). For 
the horn of aspect ratio 0.2 only the E-plane curve is available and 
theoretical results for this hornare not given since it has already been 
mentione~ that they do not aeree well (the ~fference can be as much as 
40 ) when the aspect ratio is so small. As for the other horns the 
H-plane beamwidth curves are in excellent agreement with the theoretically 
calculateJ ones throughout the frequency range considered. The E-plane 
ones show slightly m~re discrepancy at some frequencies especially for 
Hem (q) where the theoretical curve has a much flatter response than the 
experimental (_'ne. Nevertheless the maximum deviation between the too 
curves is only about 20. It is also evioent that the two horns with 
smaller aspect ratios have less beamwidth (E-plane) variation over the 
frequency l>and. A more systematic set of bearnwidth response curves for 
various values of horn parameters similar to the ones used for the H 
e 11 
mode are shown in Fies. (4.39) to (4.41). The main conclusions to be 
drawn frem these curves are as follows: 
As in the case c,f the H mode t horns of small flare angles do 
e 11 
n0t exhibit a beamwidth/fre~uency independence property unless 
La/A is made very large. 
(2) With larger flare angle horns the E-~lane patterns show a beamwidthl 
frequency independence property within a reasonable range of 
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L I "A' u The response curves are flatter when the aspect ratio is 
small (~unc 0.3 - 0.2). 
(3) The horn flare angle in the min.Jr axis plane, 9b , should be kept 
small at around 10°_15° to obtain a flatter E-plane response curve. 
Beam-splitting was also noticed for this mode when 6h = 30°, Sa = 40° 
and L/'A .. 12. The response curve for this horn is shown in Fig. 
(4.42). 
(4) It is possible to obtain patterns in which the beamwidth is much 
sharper in the H-plane (the physically narrower plane) than in 
the E-plune. This is due to the fact that the E-plane bearnwidth 
can remain approximately constant or increase over a range of 
La/ ). while the H-r,lane benmwidth continues to decrease monotonically 
over the same range. 
On clcser examination these conclusions drawn for the E/H plane ~eam-
width variation with the various horn parameters for this mode are 
essentially similar, qual! tati vely, to th'~'se for the HIE plane bcamwidth 
variation for the cHII mode. Another interestinrr point to notice is 
that the numerical values of these beamwiuths when the bearnwidthl 
frequency indepenGence prcperty is present are seen to lie within a 
f . I gO to 22°, range 0 approXLmate y This accounts for the reason why 
attempts by the e~'erimenters to construct a horn with a frequency 1n-
dependent beamwidth characteristic outside this range of beamwidths have 
not been very successful since the parameters of the horns constructed 
mostly fall within the range of the theoretical ones considered here. 
On the basis of these conclusions it would not seem to make much dif-
ference whether the horn is operated in the eHll mode or the oH11 mode. 
However it should be recalled that although the H mode patterns have 
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low H-plane side-lobes, its E-plane side-lobes can be rather high. On 
the other hand for the oH11 mode of operation the E-plane side-lobes can 
be made very small by using a smnIl aspect ratio horn and yet the H-plane 
side-lobes (approximately -20 dB or less) are not too excessive. There-
fore on the whole the oHII mode has a slight edge in performance over the 
eHll m.::de. 
As regards the directivities of elliptical horn antennae, an ex-
tensive set of directivity curves is not given here. The reason is that 
no experimentally measured directivity results are available for com-
paris~n as to the accuracy of the theoretically computed ones and secondly 
the directivity of these horns is not of principal concern in this project. 
However as a matter of interest, some theoretically computed values for 
various horns are given, for both modes of operation, in Table (4.1) and 
Table (4.2) which will at least give an idea of the sort of values to be 
expected. For the cases considered it can be seen that for any given 
horn the directivity of the eHII mode is slightly higher than that of the oHII 
mode. Moreover even with this limited set of values it is noticeable 
(in some of the c~ses where eb is fixed end aa is varied) that the directivity 
first increase and then Jecrease with increase in aperture size (increasing 
e ). This pro~\erty also occur in sectorill and circular conical horns and 
a 
is another manifestation of the presence of a quadratic phase variation 
across the horn aperture. 
It should also be mentioned that if the uniform launching ~lida is 
arranged to feed the hem at an angle with respect to the principal axes 
cf the elliptical horn a combination of e~l and oHll modes is obtained 
inside the horn. It has already been shown that these two modes have 
orthogonal field polarisations but different phase velocities. Thu.s in 
general an elliptically polarised far field will result with this arrange-
mente By adjustine the feeding angle for equal mode magnitudes at the 
- 235 -
e = a 30° 
~ 5 8.3333 11.69 15 20 
10L.' 13.034 17.193 19.708 21.351 22.9 
15° 14.771 18.921 21.415 23.01 24.477 
20° 15.938 20.02 22.42 23.91 25.05 
0 
e = 15 b 
~ 5 8.3333 11.69 20 °a 
20(; 12.911 17.28 20.086 24.314 
30° 14.771 18.921 21.415 24.477 
40° 15.89 19.425 21.165 22.945 
50 c 16.35 18.88 20.043 22.122 
TABLE (4.1). Directivities (in cD) of eH11 Mode Elliptic Horns 
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0 = 30° 
a 
~ °b 5 8.3333 11.69 15 20 
10c 11.85 15.98 18.482 20.137 21.529 
15° 14.014 18.035 20.334 21.732 22.833 
20() 15.478 19.4 21.553 22.72 23.304 
o = 1So 
b 
~ 5 8.3333 11.69 20 
20° 12.672 16.995 19.754 23.793 
30° 14.014 18.035 19.B54 22.833 
40° 14.771 18.195 20.334 22.063 
5Jc 15.132 17.99 19.518 21. 761 
TABLE (4.2). Directivities (in dB) of :}11 ~lode Elliptic Horns. 
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dperture an~ the length of the horn for phase quadrature (for a given 
frequency ~f operation) a circularly polarised radiation field can be 
cbtainel. In this connection the phase progression properties of these 
modes can be studied theoretically, if required, along similar lines as 
that used by Na;elberE19 for the circular horn. This particular aspect 
of these horns is again not of primary interest in this project. In 
conclusion, therefore, it has been shown that this theoretical analysis 
had pr0duced results which are, for the most part, in good agreement with 
the experimental ones. In addition it has also been able to account for 
the unusual characteristics of these horns. With the computer programs 
that have been developed, radiation patterns for horns operating in any 
one of these two modes can be obtained without much difficulty provided 
the horn parameters chosen are such that they satisfy the assumptions used 
in this analysis. 
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APPENDIX 1 
The Coupling Coefficients of Tapered Elliptical Waveguides 
The coupling coefficients that are relevant to the discussions 
in section 2.5 are the self-coupling coefficients T[i][i]' T(i)(i) 
of the H and E mode respectively, the current coupling co-
e II 0 II 
efficient T[i](p) from the oEll mode to the eHll mode and the volt-
age coupling coefficient T[p](i) from the eHll mode to the oEll 
mode. It can be shown that the voltage coefficient T[p](i) is 
equal to the current coefficient T[i](p) for any two modes con-
sidered. With the aid of Stoke's and Green's theorems and 
Equations (2.3), (2.~) and (2.16) solymar23 had shown that the 
coupling coefficients can be expressed in terms of the scalar wave-
functions as 
- 1 r [a~ ("'1' T(i)(i) = tan e l. dS (Al.l) 2 ; an C(z) 
T UHi] = -; f tan e t :!il)' ds (Al.2) 
C(z) 
-f a 'I'[iJ a 'I' (p) T[i](p) = tan e (is (Al. 3) as an C(z) 
Since only a two mode case is considered, the subscripts can be 
dropped and tho wavefunction of the eHll mode is denoted by 'I' and 
that of the E by W. 
o 11 
Before these integrals can be evaluated 
an expression for tan e (where e is the taper angle) has to be 
derived for a linearly tapered elliptic~ waveguide. This is 
shown in Appendix 2 to be given in elliptic cylinder coordinates 
by 
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ff cosh ~ sinh ~ tan e = ___________ o_______ o~ 
[cosh 2 ~ - cos 2n ] , 
o 
dR.(z) 
dz (Al.if. ) 
1 
where e = ~ defines the eccentricity of any cross-section and cosh 
o 
R.(z) is the semi-focal length of the cross-sectiun. 
Al.l SELF-COUPLING COEFFICIENT FOR THE H MODE 
e 11 
From Equation (1.15) the wavefunction for the H mode is 8iven 
e 11 
by 
where All is a normalisation constant. In elliptic-cylinder co-
ordinates 
where 
a't' _ 1 a'l' 
as - h an 
h = R. [~ (cosh 2 t - cos 2 n)]' 
is a scale factor of the system. 
Hence 
(Al. 6) 
(Al. 7) 
(Al.S) 
With ds = hdn and the use of Equation (A1.if.) the coupling coefficient 
T[i][i] is obtained from Equation (Al.2) as 
Since 
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f211' __ c_e_i_2_(_I)_'_e;;.q_l_l_) __ dl) [ccsh 2 ~ - cos 21)] 
o o 
1 1 
--------- = -----
Cosh 2 ~o - ccs 21) 2 cosh2 '0 
(Al.9) 
(Al.10) 
= 1 {l + e2 cos2 n - e 4 cos4 n + e6 cos6 n - ••••• } 
2 Cush2 ~c 
Equation (Al.g) becomes 
o 
A2 C 2 (c ) Tanh c 
...;;1,.;;,1_e_1;;...._ .. .:;:o:,.·...;;,e q...:;.,;l1=--___ .. . .;;.O (! ~J 
2 1 dz 
ce,2 (1'\ q ){l + e2 cos 2 11 - e4 cos4 n + 
, e 11 
(Al.ll) 
••••• } un 
(Al.12) 
Each of the integrals f211' ce~2 (n, eqll) cos2 n dn, etc,can be evaluated 
o 
analytically. if required. by using the Fourier series representation 
of the Mathieu functions given by Equaticn (l.SOb). The resultant 
expressions will involve the Fourier coefficients A~;:l (eqll) which 
are constants for a given taper. Thus Equation (Al.12) can be ex-
presseJ as 
(Al.13) 
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Atl Ce2 (~()' eqll ) Tanh ~ f21r 1 
c 1 = 
0 
ce l2 (n, eqll) 
2 1 
0 
{l + e 2 cos2 n - e4 cos4 n + ... } dn (Al.14) 
and is a constant for a given taper. 
From Fig. (2.1) it can be seen that for a linear taper 
(1.1.15) 
where 9
t 
is the semi-angle subtendeJ by an interfocal line of a cross 
section at the apex of the taper. Hence 
Q2 being the notation used in section 2.5. 
Al.2 SELF-COUPLING COEFFICIENT FOR THE OE}} MODE 
F~~m Equation (1.22) the wavefuncticn ¥ for this mode is 
In elliptic-cylinder coor~inates 
Hence 
(~~ 2 = Sfl se;2 (t, oqll) se I2 (n, oqll) h 2 
(A1.16 ) 
(Al.17) 
(Al.1S) 
(Al.19) 
Substituting this and Equation (Al.4) into Equation (Al.l) gives 
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(!. dR.) £ dz 
se2 (~, q ) {l + e 2 cos2 ~ - e4 C054 n + ••• } 
1 0 11 cl~ 
(Al.20) 
Again the integrals can be evaluated analytically using the Fourier 
series representation fer se l (~, oqll) given by Equation (1.83) and 
the resulting ex"ressions involve the Fourier coefficients B(l) (-q ) 
r 2r+l 0 11 • 
Thus 
where 
c 
T = P - 2 (i)(i) 2 - 1(z) tan 8R, 
Bfl Sei 2 (to' (,'ill) Tanh ~o 
2 
(Al. 21) 
o 
(Al. 22) 
an~ is also a constant for a given ta~er while P2 is the notation used 
in Section 2.5. 
Al.3 THE CURRENT COUPLING COEFFICIENT FROM THE E TO THE H MODE 011 ell 
From equations (Al.S) and (Al.19) 
= All Bll Ce l (t, eqll) Se{ (t, oqll) cei (n, eqll) sel (n'oqll) 
h2 
(Al. 23) 
Substituting this and Equation (Al.4) into Equation (Al.3) and 
- 253 -
using the same arguments as above gives 
where the constant c 3 is 
o 
- e4 cos 4 n + ••• } an 
an~ S is the notation useJ in sccticn 2.5. 
1 
(Al.24) 
(A1.2S) 
As haJ been mentioned 
the vcltage couplinc coefficient from the eHII mode to the oE11 moJe 
is also given by this expression. 
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APPENDIX 2 
Derivation of a General Expression for the Taper Anele 
of a Tapered Elliptical Waveguide 
The taper anele e of a tapered waveguiue at a point on its sur-
face is definee as the angle Letween the normal to the waveguide and 
the normal to th~ transverse cross-section at that point. From 
Fie. (2.1) it can be seen that with this definition e will be a 
function of position along its circumference at any cross-section as 
well as of the longitudinal coordinate z when the tapered waveguide 
is elliptical. A point on the surface of the waveguide is defined 
Ly specifying z and the equation of th~ ellipse 
f(x,y,z) = - 1 = 0 (A2.1) 
where a(z) and b(z) which are functions of z are the semi-major and 
semi-minor axis of the cross-sectional ellipse respectively. The 
directional ratios (~, u, v) of the normal n1 to the surface of the 
waveguide at a point (x,y,z) are eiven by 
From Equation (A2.1) 
af _ 2x 
ax - a 2(z) 
da(z) 
dz 
(A2.2) 
(A2.3) 
db(z) 
_.-
dz 
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Hence the ~irectional ratios are 
x da(z) 
dz 
+ _____.y_ db(z) } 
b 3(z) dz 
(A2.4) 
The directional cosines (p~q,r) of the normal n1 are given in terms 
of the directional ratios by 
>. 
p = --;======= 
"'-2 + lJ2 + \/2 
q = ~2 
Substituting from Equation (A2.4) gives 
x p=-
a 2 A 
where 
A = 
(A2.5) 
(A2.6) 
(A2.7) 
(A2.8) 
(A2.9) 
The equation of the normal n to a cross-sectional ellipse at a point 
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Hence its directional ratios are 
anu its directional ccsines (p', q', r') are 
x p' = -----
2~2 v 2 a -+ II..-. 
a 4 b 4 
r' = 0 
A The angle e between the two normals n1 and n is given by 
cos e = p p' + q ~' + r r' 
(A2.l0) 
(A2.ll) 
(A2.12) 
(A2.l3 ) 
(A2.l4) 
(A2.lS) 
After substituting the expressions of the directional cosines into 
Equation (A2.lS) anJ some simplifications and manipulations the 
followin~ expression for tan e is oLtaineJ 
tan e = ± (A2.l6) 
Changing over to elliptic-cylinder coordinates (see Equation (1.1», 
x = 1 cosh ~ cos n (A2.l7) 
y = t sinh t sin n 
a = t cosh t 
o 
1; = R. sinh f.: 
o 
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(A2.1S) 
(A2.l9) 
(A2 .20) 
In the last two equations it has been assumed that every transverse 
cross-section of the waveguide is of the same shape but different 
in size. Hence the eccentricity e of the cross-sectional ellipse 
dues not change with z and the parameter t it : cosh- 1 (!)}which 
o 0 e 
defines the facily of ellipses of the same shape as the cross-sectional 
elli?se of the waveguiJe will Le a constant. 
length t will be a function of z. 
da - cosh t ddt dz - 0 Z 
dzclli = sinh t ~iI. o dz 
Therefore 
However, the semi-focal 
(A2.2l) 
(A2.22) 
Substitution of Equations (A2.l7) - (A2.22) into Equation (A2.l6) 
eives 
tan e = ± 
12 cosh to sinh ~o dt 
i dz [cosh 2 t - cos 2 nJ 
o 
the positive sign being used when the flare angle is positive. 
(A2.23) 
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APPENDIX 3 
Relati~nship Between the Unit Vectors of the Sphero-
Ccnal Cvordinate System and th(_~se of the Cartesian 
System 
The positi0n vector at any point in the sphero-conal coordinate 
system can ~e expressed as 
... 
r=xl +yl +zl 
x y z 
(A3.l) 
, ... ... 
= r cos Q (1 - X'2 cos2 8)~ 1 + r sin a sin 8 1 
x y 
(1 X2 cos2 ~)i lAZ + r cos B - '" 
... 
The unit vectors l rt la and 1S of tha system are given by the relation-
ships 
ar/3 r 
1 = r lar/arl 
(A3.2) 
... ar/aa 
1Q = 
lar/aa/ 
(A3.3) 
(A3.4) 
Differentiating Eq. (A3.1) partially with respect to r eives 
ar 
cos a (1 - X'2 cos2 S)l i + sin a sinsi + 
x y -: 
(A3.5) 
- 259 -
I ~rrl2 --a cos2 a (1 - X'2 cos2 S) + sin2 a sin2 S + 
cos2 S (1 - X2 cos2 a) 
= 1 + cos2 a cos 2 B - cos2 B cos2 a (X,2 + X2) 
Since from Eq. (3.9a) we have 
X· 2 + X2 = 1 
Hence the expression for 1r is given by Eq. (A3.5). 
Differentiating Eq. (A3.1) with respect to a gives 
3r i A 
-- = - r sin a (1 - X'2 cos2 s) i + r cos a sin S 1 + ~ x y 
x2r cos B cos a sin a A 
1a-
3
a
r
1
2 
--
r2 sin2 a (1 - X'2 cos2 s) + r2 cos2 a sin2 S + 
x~r2 cos2 a cos2 a 8in2 a 
(1 - X2 cos2 a) 
This can be simplified after some manipulation to 
I~I . rex. sin. 0 + X'. sin. all 
(1 - X2 cos2 a)i 
Hence from Eqs. (A3.3), (A3.9) and (A3.l1) 
(A3.6 ) 
(A3.7) 
(A3.8) 
(A3.9) 
(A3.l0) 
(A3.1l) 
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1 
+ cos a sin S (1 - X2 cos2 ali i + y 
1 = -----------a 
A 
X2 cos B cos a sin a 1 
z 
Similarly from Eq. (A3.1) 
ar 
as= 
X· 2 r cos a cos S sin e 
(1 - X· 2 cos2 e)l 
A A 
1 + r sin a cos S 1 -
x y 
r sin B (1 - X2 cos2 a)i i 
z 
It can then be shown that 
I ::1 = 
and 
r(x2 sin2 a + X· 2 sin2 e)i 
(1 - X· 2 cos2 B)! 
1 
X· 2 cos a cos a sin B i + 
x 
~=-------
(X2 sin2 a + X,2 sin2 e)l sin a cos S (1 - X· 2 cos2 a)~ i y 
(A3.12) 
(A3.13) 
(A3.14-) 
(A3.15) 
